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Figure 1. Generating fair triangle meshes with discrete elastica. (a) An initial mesh outlined a comple x
tub ular object. (b) A discrete elastica surface (mesh) obtained from the initial mesh. (c) The Stanf ord
bunn y model with a large par t of the mesh remo ved and then triangulated. (d) The modi�ed par t of
the bunn y is restored as a discrete elastica. Coloring by the mean cur vature is used to demonstrate
a high quality of the generated meshes.

Abstract

Surfacefairing, generating free-formsurfacessatisfy-
ing aestheticrequirements,is importantfor manycomputer
graphicsandgeometricmodelingapplications.A common
approach for fair surfacedesignconsistsof minimization
of fairnessmeasurespenalizinglarge curvature valuesand
curvatureoscillations.Thepaperdevelopsa numericalap-
proach for fair surfacemodelingvia curvature-drivenevo-
lutionsof trianglemeshes.Considera smoothsurfaceeach
point of which moves in the normal direction with speed
equalto a functionof curvature andcurvature derivatives.
Chosenthe speedfunction properly, the evolving surface
converges to a desired shapeminimizinga given fairness
measure. Smoothsurfaceevolutionsare approximatedby
evolutionsof triangle meshes.A tangentspeedcomponent
is usedto improvethequalityof theevolvingmeshandto in-
creasecomputationalstability. Contributionsof the paper
includealso an improvedmethodfor estimatingthe mean
curvature.

KEYW ORDS: meshfairing, elasticasurfaces,discretesur-
face�ow, Laplace-Beltrami operator.

1 Intr oduction

Variational shapefairing, generatingshapessatisfying
certainaestheticrequirements,via minimizationof fairness
measurespenalizinglarge curvaturevaluesand curvature
oscillationsis anactive researcharea[10, 5, 17, 18, 19, 14,
12, 13]. A popularsurfacefairing measureusedin various
computergraphicsandgeometricmodelingapplicationsis
theso-calledtotal curvature functional[6, 5, 18]
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Here kmax and kmin are the surfaceprincipal curvatures,
anddA is thesurfaceareaelement.Thetotalcurvature(1.1)
approximatestheelasticbendingenergy of a thin plate[6].



Let uscall thesurfacesminimizing (1.1)
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elasticasurfacesbecausethey generalizethe famousEu-
ler's elasticacurves [3] (seealso [1] for a good literature
review andfor a very effective methodto approximatethe
elasticacurvesby polygonalcurves).

The Euler-Lagrangeequationcorrespondingto (1.2) is
givenby

� B H + 2H (H 2 � K ) = 0; (1.3)

whereH andK arethemeanandGaussiancurvatures,re-
spectively, and � B is the Laplace-Beltramioperator. See
[4][pages82-85]for aderivationof (1.3).

In thispaper, wedevelopanapproachfor approximating
elasticasurfacesby trianglemeshes.Our approachto min-
imize thetotal curvaturefunctional(1.1)canbeconsidered
asa combinationof the steepestdescentmethodfor (1.2)
with �nite differencing(approximatingasmoothsurfaceby
atrianglemesh).A preliminaryversionof theapproachwas
developedin [21].

Considera family of smoothsurfacesS(t; u; v), where
u; v parameterizethesurfaceandt parameterizesthe fam-
ily. We supposet to beindependentof u; v. Let usassume
thatthefamily evolvesaccordingto thefollowing evolution
equation

@S(t; u; v)
@t

= F N; S(0; u; v) = S(0) (u; v); (1.4)

whereN(t; u; v) is theunit normalvectorfor S(t; u; v), F is
aspeedfunction.Thefamily parametert canbeconsidered
asthetime durationof theevolution. Thegradient-descent
�o w for (1.2) is givenby (1.4)with

F � � � B H � 2H (H 2 � K ): (1.5)

If a surfaceevolvedby (1.4),(1.5)convergesto a limit sur-
faceS(1 ; u; v), ast ! 1 , thenit is anelasticasincethe
Euler-Lagrangeequation(1.3) is satis�edfor thatlimit sur-
face.

We approximatethe evolution (1.4), (1.5) by a discrete
evolution of trianglemeshesandusediscreteanaloguesof
theLaplace-BeltramioperatorandGaussianandmeancur-
vatures.

Oneof theimportantcontributionsof thepaperconsists
of addingto a discreteversionof (1.4) a specialtangent
speedcomponentusedto improve thequality of theevolv-
ing meshandto increasecomputationalstability. Thepaper
presentsalsoan improvedmethodfor estimatingthemean
curvatureof asurfaceapproximatedby a trianglemesh.

Fig.1 illustrateshow our methodcan be usedin vari-
ousgeometricmodelingapplications.The two left images

demonstratean initial trianglemeshapproximatinga tubu-
lar objectanda discreteelasticaobtainedfrom that initial
meshby a discreteapproximationof (1.4), (1.5). The two
right imagesshow how a large missedpart of a complex
mesh(Stanfordbunny) canbe restoredby a discreteelas-
tica surface.Coloringby themeancurvaturedemonstrates
ahighqualityof thegeneratedmeshes.

2 Numerical Implementation

To solve(1.4)numerically, we�rst approximatethetime
derivative term in (1.4) by its forward differenceapproxi-
mation

@S(t; u; v)
@t

�
S(t + � ; u; v) � S(t; u; v)

�
; � � 1:

Thusweapproximate(1.4)by adiscreteevolutionprocess

S(t + � ; u; v) = S(t; u; v) + � F N(t; u; v); (2.1)

where the speedfunction F is de�ned by (1.5). Then
the surfaceS(t; u; v) is approximatedby a triangle mesh
anddiscreteapproximationsto theLaplace-Beltramioper-
ator, Gaussianand meancurvatures,and other geometric
attributesareconsidered.Thusthediscreteevolutionof sur-
faces(2.1) is approximatedby ameshupdatingprocess

P(k+1)
i = P(k )

i + � (k ) F (k )
i N(k )

i ; (2.2)

wherethe points f P(k )
i g form a meshM(k ) obtainedafter

k stepsof the processfrom an initial meshM (0) approx-
imating S(0) (u; v), N(k )

i is the unit meshnormal at P(k )
i .

Heretheunit meshnormalN atvertex P is computedasthe
normalizedweightedsumof of thenormalsof theincident
triangles,with weightsequalto theareasof thetriangles.

Since (1.4), (1.5) is a fourth-orderpartial differential
equation, (the term � B H involves fourth-order surface
derivatives) we choosethe step-size� (k ) in (2.2) propor-
tional to the squaredareaof the smallesttriangleof M (k ) .
More precisely, we set � (k ) = A2

k =150, whereAk is the
minimal triangleareaamongtheall trianglesof M (k ) .

Tangential drift for equalization of mesh triangles.
Note that (2.2) is similar to an explicit �nite difference
schemefor a parabolicpartial differential equationand,
therefore,may be unstableif step-size� (k ) is not small
enoughin a comparisonwith meshtriangles.Thuswe can
expectthata betterstability of thediscretemeshevolution
processcan be achieved if the meshtriangleswhich are
closeto equilateraltrianglesandhavealmostthesamesize.

Our mesh triangle equalizationtechniqueconsistsof
addinga tangentspeedvector to (2.2). Note that adding
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a tangentspeedcomponentto (1.4)affectsonly thesurface
parameterization.Thereforeinsteadof (2.2)weconsider

P(k+1)
i = P(k )

i + � (k ) F (k )
i N(k )

i + � (k ) T(k )
i ; (2.3)

whereT(k )
i is a vectororthogonalto N(k )

i andattachedat
P(k )

i , � (k ) is asmallpositiveparameter.
At an inner meshvertex P let us considerthe so-called

umbrella-operator[16, 8] de�ned by

U(P) =
X

i

wi
� � !
PQi ; (2.4)

wheresummationis taken over all neighborsof P, wi are
positive weights. The geometricideabehindthe umbrella
operatoris illustratedin Fig.2.
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Figure 2. Umbrella operator associated with a
mesh ver tex P is de�ned as a weighted aver­
age of the neighbor vector s, see (2.4).

In [11] it was proposedto usethe tangentcomponent
of U0, the umbrellaoperatorwith equalweights,for mesh
regularization. The tangentcomponentof thebi-umbrella
operatorU2

0 = U0 � U0 wasusedin [20] for similarpurposes.
Following [22, 21] we usethe tangentcomponentof an

areaweightedbi-umbrellaoperatorU2
area :

T = �
�
U2

area � (U2
area � N)N

�
; (2.5)

where

Uarea (P) =
1

2An

nX

i =1

ai

 � � !
PQi

j
� � !
PQi j

+
�� � �!
PQi +1

j
�� � �!
PQi +1 j

!

;

whereai is theareaof thetriangleQi PQi +1 , n is thenum-
berof neighboringverticesfor P, A =

P n
i =1 ai is thetotal

areaof thetrianglesadjacentto P.
If P is aboundaryvertex, wesetUarea (P) = 0.
Accordingto our numericalexperiments,setting� (k ) =

12Ak producesgoodresults.HereAk betheminimal trian-
gleareaamongthetrianglesof theevolving meshM (k ) .

Fig.3 demonstratesequalizingmeshtrianglesby (2.3)
with thetangentcomponentde�ned by (2.5). and� (k ) = 0.
Noticehow well theproposedprocedureof meshequaliza-
tion preservestheshapeapproximatedby theoriginalmesh.

Figure 3. Left: a mesh consisted of two par ts
with diff erent sampling rates. Right: tang en­
tial mesh evolution (2.3) with � (k ) = 0, (2.5)
was used to equaliz e the mesh triangles.

Themeshboundaryverticesaretreatedin a similar but
morecomplex way sincethey areallowed to move along
the boundaryof S(u; v) only. For implementationdetails
see[21].

Approximation of Laplace-Beltrami operator and cur-
vatures. Recentlya very ef�cient approximationof the
Laplace-Beltramioperatorfor a surfaceapproximatedby a
trianglemeshwasproposedin [9]. The Laplace-Beltrami
operator� B (P) atameshvertex P is de�ned by

� B (P) =
3
A

nX

i =1

(cot � i + cot � i )(Qi � P); (2.6)

whereA is the total areaof the trianglesadjacentto P, � i

and � i are the angles6 PQi � 1Qi and 6 PQi +1 Qi , respec-
tively.

GivenasmoothsurfaceSandatrianglemeshM approx-
imatingthesurface,weuseastandardangle-de�citapprox-
imationfor theGaussiancurvature

K =
3
A

(2� �
MX

i =1

' i );

where' i is theanglebetweenPQi andPQi +1 .
Sincefor asmoothsurface� B S = 2H N [15], adiscrete

approximationof themeancurvatureH canbederivedfrom
the above discreteapproximationof the Laplace-Beltrami
operator

H =
1
2

N � � B P:

This approximationworks very well in many applications
[2, 9].

Although H 2 � K is alwayspositive for a smoothsur-
face,it is not necessarytruefor discreteapproximationsof
theGaussianandmeancurvatures.A standardapproachto
copewith this problemis to detectthemeshverticeswhere
a discreteapproximationof H 2 � K is negative andsetit
equalto zeroat thosevertices.
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However this approachis not acceptableto ussincethe
term H 2 � K is presentedin (1.5) andit is not desiredto
have it discontinuous.

Let D denotethe setof thosemeshverticesfor which
H 6= 0 andH 2 � K < 0. We �rst compute

� = min
D

r
H 2

K
:

Thenwe re-scalethemeancurvatureH ! H=� for theall
verticesof D .

Sincethequalityof themeshis improvedduringtheevo-
lution (2.3),� ! 1 ask ! 1 .

Subdivision. In order to acceleratethe meshevolution
process(2.3) we startfrom a coarsemeshandperformthe
linear one-to-fourmeshsubdivision when(2.3) is closeto
its steady-state.Fig.4 show variousstagesof approximat-
ing anelasticasurfacevia combining(2.3)with subdivision.

Figure 4. Star ting from a coar se mesh evolved
by (2.3), linear one­to­f our mesh subdivision
is used when (2.3) is close to its stead y­state .

3 Numerical Experiments

Mesh fairing . We compare the discrete elastica �o w
(2.3),(1.5)with thebilaplacian�o w

P(k+1)
i = P(k )

i � � U2
0 (P(k )

i );

andameshevolution(2.3)by theLaplacianof meancurva-
ture�o w with speedF equalto

F = � � B H (3.1)

(various numericalapproachesto the Laplacianof mean
curvature�o w weredevelopedin [14, 12]).

Figures5, 6 and7 demonstratevariousstagesof mesh
fairing by thebilaplacian�o w, theLaplacianof meancur-
vature�o w, andthediscreteelastica�o w, respectively. The
meshshown in Fig.1(a) is usedas the initial mesh. The
fairingprocessesarealsocombinedwith subdivision. These
�gures andFig.8 demonstratethesuperiorityof thediscrete
elastica�o w (2.3), (1.5) over the bilaplacian�o w andthe
Laplacianof meancurvature�o w. Coloring by the mean
curvatureis usedto visualizethe geometricquality of the
meshes.

Figure 5. Mesh fairing by bilaplacian �o w.

Figure 6. Mesh fairing by the Laplacian of
mean cur vature �o w.

Figure 7. Mesh fairing by discrete elastica
�o w.

Figure 8. Discrete elastica �o w produces high
quality shapes.

Figure 9. Stanf ord bunn y with a large par t of
its �ank remo ved and then triangulated.

Figure 10. The bunn y �ank is restored by the
discrete elastica �o w.
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Shaperestoration via elastica�o w. Whena real-world
object is digitized by a range�nder, a part of shapeinfor-
mationmay be lost becauseof specularre�ection effects,
objectself-occlusion,etc. Theelastica�o w canbeusedto
restoremissedshapeparts.

Fig.9 demonstratesthe Stanfordbunny having a large
part of its �ank removed and then triangulated. The dis-
creteelastica�o w is appliedto thetriangles�lled thehole.
Theresultis presentedin Fig.10. Noticea high quality of
therestoredpartof thebunny.

4 Conclusion

Thepaperdevelopeda numericalapproachfor generat-
ing high quality, nice-lookingshapesvia the discreteelas-
tica �o w. Contributionsof thepaperincludeaddinga tan-
gential speedcomponentto the elasticagradient-descent
�o w for increasingcomputationalstability of the�o w, pre-
sentingan improved methodfor estimatingthe meancur-
vatureof a surfaceapproximatedby a trianglemesh,and
combiningthe meshevolution approachwith meshre�ne-
ment. Applicationsof theproposednumericalapproachto
meshfairingandshaperestorationweredemonstrated.

Combiningthe developedapproachwith the automatic
dynamic connectivity method[7] and using implicit nu-
mericalschemesfor theelasticagradient-descent�o w (1.4,
(1.5)constitutethemesfor futureresearch.
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