Fair Triangle Mesh Generationwith Discrete Elastica
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Figure 1. Generating fair triangle meshes with discrete elastica. (a) An initial mesh outlined acomple x
tubular object. (b) A discrete elastica surface (mesh) obtained from the initial mesh. (c) The Stanford

bunny model with alarge part of the mesh removed and then triangulated.

(d) The modied part of

the bunny is restored as a discrete elastica. Coloring by the mean curvature is used to demonstrate

a high quality of the generated meshes.

Abstract

Surfacefairing, genemting free-formsurfacessatisfy-
ing aestheticrequirrmentsis importantfor manycomputer
graphicsand geometricmodelingapplications.A common
appmoach for fair surfacedesignconsistsof minimization
of fairnessmeasuespenalizinglarge curvatue valuesand
curvatuee oscillations.Thepaperdevelopsa numericalap-
proad for fair surfacemodelingvia curvatue-drivenevo-
lutions of triangle meshesConsidera smoothsurfaceead
point of which movesin the normal direction with speed
equalto a functionof curvatue and curvatuee derivatives.
Chosenthe speedfunction properly, the evolving surface
corvergesto a desied shapeminimizinga givenfairness
measue. Smoothsurfaceevolutionsare approximatedby
evolutionsof triangle meshesA tangent speedcomponent
is usedo improvethequality of theevolvingmeshandto in-
creasecomputationaktability. Contributionsof the paper
include also an improved methodfor estimatingthe mean
curvatue.

KEYW ORDS: meshfairing, elasticasurfacesdiscretesur
face ow, Laplace-Beltamioperator.

1 Intr oduction

Variational shapefairing, generatingshapessatisfying
certainaesthetiacequirementsyia minimizationof fairness
measuregpenalizinglarge curvature valuesand curvature
oscillationsis anactve researctareal10, 5, 17, 18, 19, 14,
12, 13]. A popularsurfacefairing measurausedin various
computergraphicsand geometricmodelingapplicationss
theso-calledtotal curvatue functional[6, 5, 18]

/4
(krznax + krznin ) dA (1-1)
Here kmax andknin are the surface principal curvatures,
anddA isthesurfaceareaelement.Thetotal curvature(1.1)
approximateshe elasticbendingenegy of a thin plate[6].



Let uscall thesurfacesminimizing (1.1)
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(k2o + K2in YDA T min (1.2)
elasticasurfacesbecausahey generalizethe famousEu-
ler's elasticacurves[3] (seealso[1] for a good literature
review andfor a very effective methodto approximatethe
elasticacurvesby polygonalcurves).

The EulerLagrangeequationcorrespondingo (1.2) is
givenby

sH+ 2H(H? K)=0 (1.3)
whereH andK arethe meanandGaussiarcurvaturesre-
spectvely, and g is the Laplace-Beltrambperator See
[4][pages82-85]for aderivationof (1.3).

In this paperwe developanapproachor approximating
elasticasurfacesby trianglemeshesOur approactto min-
imize thetotal curvaturefunctional(1.1) canbe considered
asa combinationof the steepestlescentmethodfor (1.2)
with nite differencing(approximatingasmoothsurfaceby
atrianglemesh).A preliminaryversionof theapproactwas
developedin [21].

Considera family of smoothsurfacesS(t; u;v), where
u; v parameterizeéhe surfaceandt parameterizethe fam-
ily. We supposé to beindependendf u;v. Let usassume
thatthefamily evolvesaccordingo thefollowing evolution
equation

@(t; u;v) _
—a -

whereN(t; u; v) istheunit normalvectorfor S(t; u; v), F is
aspeedunction. Thefamily parametet canbe considered
asthetime durationof the evolution. The gradient-descent
ow for (1.2)is givenby (1.4) with

FN;  SO;uv) = S9(uv);  (14)

F eH 2H(H? K): (1.5)

If asurfaceevolvedby (1.4),(1.5) corvergesto alimit sur
faceS(1 ;u;v),ast ! 1 ,thenitis anelasticasincethe
EulerLagrangesquation(1.3)is satis edfor thatlimit sur
face.

We approximatethe evolution (1.4), (1.5) by a discrete
evolution of triangle meshesandusediscreteanalogue®f
the Laplace-Beltrambperatorand Gaussiarandmeancur-
vatures.

Oneof theimportantcontritutionsof the paperconsists
of addingto a discreteversionof (1.4) a specialtangent
speedcomponentusedto improve the quality of the evolv-
ing meshandto increasecomputationastability. The paper
presentalsoanimproved methodfor estimatingthe mean
curvatureof a surfaceapproximatedy atrianglemesh.

Fig.1 illustrateshow our methodcan be usedin vari-
ousgeometricmodelingapplications.The two left images

demonstrat@ninitial trianglemeshapproximatinga tubu-
lar objectand a discreteelasticaobtainedfrom thatinitial
meshby a discreteapproximationof (1.4), (1.5). Thetwo
right imagesshov how a large missedpart of a complex
mesh(Stanfordbunry) canbe restoredby a discreteelas-
tica surface. Coloring by the meancurvaturedemonstrates
a high quality of thegeneratedneshes.

2 Numerical Implementation

To solve (1.4)numerically we rst approximatehetime
derivative termin (1.4) by its forward differenceapproxi-
mation

@(t; u; v)
@

Thuswe approximate1.4) by a discreteevolution process

S(t +

where the speedfunction F is de ned by (1.5). Then
the surface S(t; u;v) is approximatedoy a triangle mesh
anddiscreteapproximationgo the Laplace-Beltrambper
ator, Gaussianand meancurvatures,and other geometric
attributesareconsideredThusthediscreteavolution of sur
faceq2.1)is approximatedy a meshupdatingprocess

S(t+ ;u;v)  S(tusv)

yu;v) = St u;v) + EN(E u;v); (2.2)

pirt) = pl 4 (o (NG, (2.2)
wherethe pointsf P g form a meshM®) obtainedafter
k stepsof the processfrom an initial meshM© approx-
imating S© (u; v), N is the unit meshnormal at P*).
Heretheunit meshnormalN atvertex P is computedasthe
normalizedweightedsumof of the normalsof the incident
triangleswith weightsequalto the areasf thetriangles.
Since (1.4), (1.5) is a fourth-order partial differential
equation, (the term g H involves fourth-order surface
derivatives) we choosethe step-size () in (2.2) propor
tional to the squaredareaof the smallesttriangle of M),
More precisely we set (¥} = A2=150 whereAy is the
minimal triangleareaamongtheall trianglesof M)

Tangential drift for equalization of mesh triangles.
Note that (2.2) is similar to an explicit nite difference
schemefor a parabolic partial differential equationand,
therefore,may be unstableif step-size () is not small
enoughin a comparisorwith meshtriangles. Thuswe can
expectthat a betterstability of the discretemeshevolution
processcan be achieved if the meshtriangleswhich are
closeto equilateratrianglesandhave almostthe samesize.

Our mesh triangle equalizationtechniqueconsistsof
addinga tangentspeedvectorto (2.2). Note that adding



atangentspeedcomponento (1.4) affectsonly the surface
parameterizationThereforeinsteadof (2.2) we consider

P = p) o E(ONK 4 (aTh, (53

whereTi(k) is a vector orthogonalto Ni(k) and attachedat
P (k) is asmallpositive parameter
At aninner meshvertex P let us considerthe so-called
umbrella-operatofl6, 8] de ned by
X
U(P) =

WPQ;; (2.4)

wheresummationis taken over all neighborsof P, w; are
positive weights. The geometricideabehindthe umbrella
operatoris illustratedin Fig. 2.

Figure 2. Umbrella operator associated with a
mesh vertex Pis dened as a weighted aver-
age of the neighbor vector s, see (2.4).

In [11] it was proposedto usethe tangentcomponent
of Uy, the umbrellaoperatorwith equalweights,for mesh
regularization. Thetangentcomponenbf the bi-umbrella
operatotU? = Uy Uy wasusedn [20] for similarpurposes.

Following [22, 21] we usethe tangentcomponenbf an
areaweightedbi-umbrellaoperatorUz,, :

T = Ua%rea

(Uzea NN ; (2.5)

where

X ' !
Uarea (P) = i a; .£|Q;.+ P—QlTl_ ;
2An . jPQi  iPQuq]
whereg; is the areaof thetriangleQ Pgﬂ , N isthenum-
berof neighboringverticesfor P, A = = L, & is thetotal
areaof thetrianglesadjacento P.
If Pisaboundarywertex, we setUyea (P) = O.
Accordingto our numericalexperimentssetting (¢) =
12A producegjoodresults.HereAy betheminimaltrian-
gle areaamongthetrianglesof the evolving meshM ).
Fig.3 demonstrategqualizingmeshtrianglesby (2.3)
with thetangenttomponentie ned by (2.5).and ) = 0.
Notice how well the proposedrocedureof meshequaliza-
tion preserestheshapeapproximatedy theoriginalmesh.

Figure 3. Left: a mesh consisted of two parts
with diff erent sampling rates. Right: tangen-
tial mesh evolution (2.3) with &) = 0, (2.5)
was used to equaliz e the mesh triangles.

The meshboundaryverticesaretreatedin a similar but
more comple way sincethey are allowed to move along
the boundaryof S(u;v) only. For implementationdetails
see[21].

Approximation of Laplace-Beltrami operator and cur-

vatures. Recentlya very efcient approximationof the
Laplace-Beltramoperatorfor a surfaceapproximatedy a
triangle meshwas proposedn [9]. The Laplace-Beltrami
operator g (P) atameshvertex P is de ned by

X
s (P) = E (cot

i + cot
A i=1

)(Q P);  (26)

whereA is thetotal areaof the trianglesadjacento P, ;
and ; arethe anglesé PQ, ;Q; and6PQ.,; Q;, respec-
tively.

GivenasmoothsurfaceS andatrianglemeshM approx-
imatingthesurface we usea standardngle-de citapprox-
imationfor the Gaussiarcurvature

where' ; is theanglebetweerPQ, andPQ,,; .

Sincefor asmoothsurface g S= 2H N [15], adiscrete
approximatiorof themeancurvatureH canbederivedfrom
the above discreteapproximationof the Laplace-Beltrami

operator

1
H=>N gP:
2 B

This approximationworks very well in mary applications
[2,9].

AlthoughH? K is always positive for a smoothsur
face,it is not necessaryruefor discreteapproximationof
the Gaussiarandmeancurvatures.A standardapproacho
copewith this problemis to detectthe meshverticeswhere
adiscreteapproximationof H?> K is negative andsetit
equalto zeroatthosevertices.



However this approachs not acceptabléo us sincethe
termH? K is presentedn (1.5) andit is not desiredto
haveit discontinuous.

Let D denotethe setof thosemeshverticesfor which
H 6 0andH? K < 0. We rst compute

T h
- K
Thenwe re-scalehemeancurvatureH ! H= for theall
verticesof D.

Sincethequality of themeshis improvedduringtheevo-

lution(2.3), ! lask! 1.

Subdivision. In order to acceleratethe meshevolution
procesq2.3) we startfrom a coarsemeshandperformthe
linear one-to-fourmeshsubdvision when (2.3) is closeto
its steady-stateFig.4 shav variousstagesf approximat-
ing anelasticasurfacevia combining(2.3)with subdvision.

Figure 4. Starting from a coar se mesh evolved
by (2.3), linear one-to-f our mesh subdivision
is used when (2.3) is close to its steady-state .

3 Numerical Experiments

Mesh fairing. We comparethe discrete elastica ow
(2.3),(1.5)with thebilaplaciano w

P = B ),
andameshevolution (2.3) by the Laplacianof meancurva-
ture o w with speed~ equalto

F= gH (3.1)

(various numericalapproachego the Laplacianof mean
cunature o w weredevelopedin [14, 12]).

Figures5, 6 and 7 demonstratezarious stagesof mesh
fairing by the bilaplacian o w, the Laplacianof meancur-
vature o w, andthediscreteelasticao w, respectrely. The
meshshawvn in Fig.1(a) is usedasthe initial mesh. The
fairingprocessearealsocombinedwith subdvision. These

gures andFig. 8 demonstrat¢éhe superiorityof thediscrete

elasticaow (2.3), (1.5) over the bilaplacian o w andthe
Laplacianof meancurvature o w. Coloring by the mean
curvatureis usedto visualizethe geometricquality of the
meshes.

Figure 5. Mesh fairing by bilaplacian o w.

Figure 6. Mesh fairing by the Laplacian of
mean curvature o w.

Figure 7. Mesh fairing by discrete elastica
o w.

Figure 8. Discrete elastica o w produces high
quality shapes.

Figure 9. Stanford bunny with a large part of
its ank removed and then triangulated.

Figure 10. The bunny ank is restored by the
discrete elastica o w.



Shaperestoration via elastica ow. Whena real-world
objectis digitized by a range nder, a part of shapeinfor-
mation may be lost becausenf specularre ection effects,
objectself-occlusiongtc. The elasticao w canbe usedto
restoremissedshapeparts.

Fig.9 demonstrateshe Stanfordbunry having a large
part of its ank removed andthentriangulated. The dis-
creteelasticao w is appliedto thetriangles lled thehole.
Theresultis presentedn Fig.10. Notice a high quality of
therestoredpartof thebunry.

4 Conclusion

The paperdevelopeda numericalapproactfor generat-
ing high quality, nice-lookingshapeia the discreteelas-
tica ow. Contritutionsof the paperincludeaddinga tan-
gential speedcomponentto the elasticagradient-descent
o w for increasingcomputationaktability of the o w, pre-
sentingan improved methodfor estimatingthe meancur-
vatureof a surfaceapproximatedy a triangle mesh,and
combiningthe meshevolution approachwith meshre ne-
ment. Applicationsof the proposechumericalapproacho
meshfairing andshaperestorationveredemonstrated.

Combiningthe developedapproachwith the automatic
dynamic connectvity method[7] and using implicit nu-
mericalschemedor the elasticagradient-desceno w (1.4,
(1.5) constitutethemedor futureresearch.
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