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Figure 1: A skeleton-driven meshdeformation. (a) A dragon model (100K triangles), its skeletal mesh(6K triangles), and control
points usedto producea global deformation of the skeletalmesh.(b) A fr ee-form deformation of the skeletalmesh.(c) Reconstruction
of an approximatedragon model (6K triangles), fr om the deformed skeleton.(d): The �nal deformation is obtainedby applying DSS
[18] to the approximatedragon model; coloring by meancurvature is usedfor a quality evaluation of the deformed mesh.

ABSTRACT
In this paper, we proposea new schemefor free-form skeleton-
driven global meshdeformations.First a Voronoi-basedskeletal
meshis extractedfrom a given original mesh. Next the skeletal
meshis modi�ed by free-formdeformations.Thenadesiredglobal
shapedeformationis obtainedby reconstructingthe shapecorre-
spondingto thedeformedskeletalmesh.We developa meshfair-
ing procedureallowing us to avoid possibleglobal andlocal self-
intersectionsof thereconstructedmesh.Finally, usinga displaced
subdivision surfacerepresentation[18] improvesthespeedandro-
bustnessof ourapproach.

Categoriesand SubjectDescriptors
I.3.5 [Computer Graphics]: ComputationalGeometryandObject
Modeling—Curve, surface, solid,andobjectrepresentations

GeneralTerms
Algorithms,Design,Experimentation
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1. INTRODUCTION
Localandglobalfree-formshapedeformationtechniquesareim-

portantfor many computergraphicsandshapemodelingapplica-
tions.
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Multiresolutionmeshrepresentations[26, 17,14,16,18] areof-
ten usedfor modelingglobal natural-lookingshapedeformations.
Recentlyskeleton-drivenglobalfree-formshapedeformationsdrew
muchattention[19, 21,7, 6] becausethey arewell-suitedfor large-
scaleshapedeformationsand,therefore,canbeusedin numerous
applicationsin thecomputergameindustry.

In this paper, we developa new schemefor free-formskeleton-
driven global shapedeformations.Given a trianglemeshapprox-
imating 3D shape,�rst we build a Voronoi-basedskeletal mesh.
The skeletal meshinherits the connectivity of the original mesh
andthereis one-to-onecorrespondencebetweentheverticesof the
original andskeletalmeshes.We usemeshevolutionsin orderto
improve the skeletalmesh.The original meshis thenrepresented
asthesetof displacementsappliedto theverticesof the improved
(smoothed)skeletalmesh.Themeshdeformationprocessis com-
bined from deformationsof the smoothedskeletal meshand the
displacement�eld. We alsousemeshevolutionsto remove local
andglobalself-intersectionsof thedeformedmesh.Finally, since
our shaperepresentationresemblesthe displacedsubdivision sur-
faces[18], we enrichour meshdeformationapproachby a multi-
scaletechnique.Fig.1 above givessomeimpressionon how our
approachworks.

Thebasic(andverysimple)ideaof ourskeleton-basedapproach
to globalshapedeformationsis sketchedin Fig.2.
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Figure2: Skeleton-basedshapedeformation.



Notice that usuallya local shapedeformationcorrespondsto a
skeletonbifurcation(branching)while a globalshapedeformation
correspondsto skeletonbending,asseenin Fig.3.
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Figure 3: Local vs. global shapedeformations. Left: local
shapedeformations usually producenewbranchesof the skele-
ton. Right: skeleton bendings correspondto natural-looking
global shapedeformations.

Therestof thepaperis organizedasfollows. In Section2 weex-
plain how to constructtheskeletalmesh.In Section3 we describe
our global skeleton-basedshapedeformationapproach.Section4
is devotedto combingour approachwith theDSStechnique[18].
Weconcludein Section5.

2. VORONOI­BASED SKELETAL MESH
A skeleton(medialaxis)of a �gure is theclosureof thosepoints

insidethe �gure that have morethanoneclosestpoint amongthe
pointsof theboundaryof the �gures. Theskeletonwasoriginally
introducedby Blum [8, 9] for 2D shapesin orderto provide with
a symmetry-basedshaperepresentationfor shapeperceptionand
recognitionpurposes.In 3D, theskeletonhasbeenrecentlystudied
in connectionwith aresearchonshapeorganization[13] andshape
manipulation[22, 7, 6].

Given an orientedsurface, the skeletoncan be also described
asthesetof singularitiesof thesigneddistancefunction from the
surface[4]. Thuswe distinguishtwo skeletonsof anorientedsur-
face,theinnerskeletonandtheouterskeleton(oneof themmaybe
empty, for example,for asurfaceboundingaconvex �gure).

Figure 4: Left: a closed2D curve and its skeleton. Middle:
the skeletonis formed by the centersof all inner bitangent cir-
cles.Right: the skeletonis approximated by the verticesof the
Voronoidiagram generatedby pointsscattereddenselyover the
curve.

Theskeletonof a �gure is very sensitive to small perturbations
of the boundaryof the �gure: small perturbationsof the bound-
ary mayresultin largechangesof theskeletonstructure.Practical
extraction of the skeletonof a 3D shapeis usually basedon 3D
Voronoi diagramtechniques[23, 2], seealso referencestherein.
Fig.4 presentsa 2D exampledemonstratinghow the skeletonof
a �gure can be approximatedby Voronoi verticescorresponding
to pointsscattereddenselyover theboundaryof the �gure. Fig.4
demonstratesalsohow sensitive theskeletonof a �gure is with re-
spectto smallperturbationsof theboundaryof the�gure.

Recentlyseveral improvementsover the basictechniquedevel-
opedin [2] wereproposed[3, 12,15]. For our needs,we adaptthe
approachdevelopedvery recentlyin [15] whereit wasproposedto
approximatetheskeletonof a meshby a skeletalmeshhaving the
sameconnectivity astheoriginal mesh.Theverticesof theskele-
tal mesharein one-to-onecorrespondencewith theverticesof the
original trianglemeshand the skeletalmeshinherits the connec-
tivity of the original mesh. It allows for editing the skeletonby
standardmeshprocessingtools.

Given a meshM , our �rst goal is to extract an approximate
skeletalmeshS suchthat

M = S + dN ; (1)

whereN is the �eld of unit meshnormalsde�ned at the vertices
of M andd is the setof distancesfrom the verticesof M to the
correspondingverticesof S alongN .

Relation(1) is thecoreof our approach.It allows usto edit the
original meshM via modifying its skeletal meshS. Below we
explainhow to achievea robustextractionof theskeletalmeshand
build relation(1).

Meshsmoothing. Sincethe skeletonof a shapeapproximated
by a meshis very sensitive to themeshquality, we �rst apply the
bilaplaciantangent�o w [24] to the meshin orderto improve the
meshquality. If thestep-sizeof thebilaplaciantangent�o w is suf-
�ciently small, the �o w keepsalmostdoesnot affect themeshge-
ometrywhile improving theaspectratiosof themeshtriangles.

Figure 5: Left: a cow meshand its inner skeleton,notice that
the skeleton intersects the cow mesh. Right: the cow mesh
impr oved by several iterations of the bilaplacian tangent �o w
and its skeleton impr oved original cow meshvia 100 bilapla-
cian tangent �o w providesa goodskeletonmesh.

Thispreprocessingstepimprovesdramaticallythequalityof the
skeleton,asdemonstratedin Fig.5. Theleft imageshows anorigi-
nal cow meshandits innerskeletalmesh.Theskeletalmeshinter-
sectsthecow meshwhile thetrueskeletonis locatedinsidethecow
model.Thecow meshin theright imageis improvedby severalit-
erationsof thebilaplaciantangent�o w. Theinnerskeletalmeshof
theimprovedcow meshprovideswith amuchbetterapproximation
of thetrueskeleton.

Extractionofskeletalmesh.Givenamesh,weusetheQuick-
hull algorithm[5] to extract theVoronoidiagramof themeshver-
tices. We estimatethe tangentplaneat eachmeshvertex anduse
themeshorientationin orderto distinguishtheinnerandoutersub-
setsof theVoronoivertices.We remove theouterVoronoivertices
and, in the caseof an openmesh,thoseinner verticeswhich are
locatedoutsidesomeboundingboxof themesh.



In contrastto [2], for eachmeshvertex we neglect its Voronoi
pole, the farthestVoronoi vertex of the Voronoi region containing
the meshvertex. In theory[1] the polesprovide a goodapproxi-
mationof the true skeletonif the original meshis denseenough.
However, accordingto our experiments,the poleshave poor sta-
bility propertieswith respectto smallperturbations(defects)of the
mesh. Although we do not achieve an accuratereconstructionof
theskeleton,stabilityis muchmoreimportantfor ourpurposesthan
accuracy.

A pointcorrespondingto ameshvertex is computedasthearith-
meticmeanof theremainingVoronoiverticesof theVoronoiregion
containingthemeshvertex. Thedisplacementd 2 d is computed
asdistancebetweenthe meshvertex andits correspondingpoint.
Thentheskeletonvertex correspondingto themeshvertex is found
asa point situatedon thenormalat themeshvertex anddisplaced
on the distanced from the meshvertex. The normal at a mesh
vertex is computedasthe normalizedarea-weightingmeanof the
normalsof themeshtrianglesincidentto thevertex.

Finally theobtainedsetof theskeletonverticesis equippedwith
the connectivity of the original mesh,asseenin Fig.6. Roughly
speaking,we do ”vacuum-packing”of the original meshonto the
skeletongeneratedby averagedVoronoipoles.

Figure 6: Voronoi-basedskeletal mesh. Left: the mannequin
head model and its inner Voronoi vertices. Middle: the man-
nequin head mesh connectivity is used to create the skeletal
mesh. Right: the skeletal mesh (skeleton) of the mannequin
headmodel.

3. BASIC MESH DEFORMATION PROCESS
Considera free-formdeformationof theskeletalmeshS. In our

implementationwe usea set of techniquesdevelopedin [25] al-
thoughotherfree-formmeshdeformationstechniquescanbeused
aswell. A direct reconstructionof a deformedmeshfrom thede-
formed skeletal meshaccordingto (1) may producesevere self-
intersectionsof thedeformedmesh.Soweuseahomotopy method
[20] to decomposethedeformationinto a sequenceof L deforma-
tionsconnectingtheoriginal skeletalmeshS0 = S anddeformed
skeletalmeshSL :

Sj = S0 + j
SL � S0

L
: (2)

Now thecorrespondingdeformationsof theoriginalmesharecom-
putedas

M j = Sj + dN j � 1 ; j = 1; 2: : : : ; L; (3)

whereN 0 is the�eld of unitmeshnormalsfor M = M 0 andN j is
the�eld of unit meshnormalsfor M j . Thescalar�eld of displace-
mentsd is not changedduring the deformationsteps.According
to our numericalexperiments,thedecompositioninto L = 3 steps
deliversasatisfactorycombinationof qualityandspeed.

3.1 Removing Foldsand Protrusions
If a largeskeletondeformationis applied,see,for instance,Fig.

7, the resultingdeformedmeshM L may have somedefects,as

demonstratedin theleft imagesof Fig.8. In thissection,weexplain
how to remove suchdefectsof the deformedmeshas folds and
protrusions,asseenin Fig.9. Onepossiblewayto avoid suchmesh
defectsconsistsof reconstructionthedeformedmeshM L from the
deformedskeletonSL astheenvelopeof medialballs[3] centered
attheverticesof SL . Howeverit workswell only for densemeshes.
Sowe have chosena differentapproachbasedonmeshevolutions.

Figure7: A largeskeleton-baseddeformation of a hand model.

Figure8: Left: zoomedparts of the deformed hand modelfr om
the right imageof Fig.7. Right: �xing meshdefectsby (4).

Weconsiderthefollowing meshevolution

@M
@t

= � � 4 2M � F � V ; M (0) = M L ; (4)

wherethe negative bilaplacian� � 2 and force � V are usedfor
meshrelaxationandregularizationpurposesandforce� F pushes
theevolving meshtowardstheenvelopeof themedialballs.

Weapproximatethebilaplacianoperatorvia thebi-umbrellaop-
erator[17]. Theparameter� > 0 is notconstant.Let usconsidera
meshvertex M andits neighbors,computetheumbrellaoperators
(vectors)for them,andcountthenumberof thoseneighborswhose
umbrellavectorsform anobtuseanglewith theumbrellavectorat
M . We assign� = 0:25 to M if thefractionthatobtuseanglesis



lessthan0:3. Otherwiseweset� = 0 atM .
We want to de�ne the force F suchthat � F �ts the evolving

meshto the envelopeof the medialballs. For eachtriangleT of
the deformedskeletalmeshlet us considerthe convex hull of the
medialballs centeredat trianglevertices. A generalapproachto
computethe convex hull of a setof spherescanbe found in [10].
However, in our simplecase,theconvex hull is computedanalyti-
cally: we usethefact that theconvex hull canbecomputedasthe
envelopof theballscenteredinsidethetriangleandobtainedby the
trilinear interpolationof theballscenteredat thevertices.We de-
scribetheenvelopasanimplicit function. Let usde�ne a function
w = ET (P ) at point P asthevalueof the implicit functionat P .
Now considera meshvertex M , thesetof meshtrianglesincident
with M andtheir centroidsCj , j = 1; : : : ; n. TheforceF atM is
de�ned by

F(M ) =
1
n

nX

j =1

ET j (Cj )r ET j (Cj );

whereTj is adeformedskeletalmeshtrianglecorrespondingto the
meshtrianglewith centroidCj . NoticethattheforceE r E attracts
theverticesto thezerolevel setof E .

TheforceV is de�nedastheprojectionof thebilaplacianvector
on theplaneorthogonalto F

V = 4 2M � (4 2M �
F

jF j
)

F
jF j

:

Fig.9 explainswhy �o w (4) eliminatesmeshfolds andprotru-
sions.
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Figure 9: Effect of (4). Force F pushesthe meshvertices to-
wards the envelopeof the medial balls. Two other forcesin the
right hand-sideof (4), tangential forceV and smoothing force
� � 4 2M , areusedto eliminate meshfoldsand protrusions.

Theright imagesof Fig.8 demonstrate�xing defectsof thede-
formedhandmeshby (4).

3.2 Eliminating Global and Local Self­Inter­
sections

self-intersections,as sketchedin Fig.10. The deformedmesh
still may have global and local self-intersections,as sketchedin
Fig.10.

Local Self-Intersection

Global Self-Intersection

Figure10: Global and local self-intersections.

Again we usea meshevolution approachin order to eliminate
globalandlocal self-intersectionsof thedeformedmesh.Consider
avertex M = (x; y; z) of thedeformedmeshandits corresponding
vertex S = (sx ; sy ; sz ) of thedeformedskeleton.Let usde�ne the
function

g(x; y; z; S) = (x � sx )2 + (y � sy )2 + (z � sz )2 � d2 ;

whered is the radiusof the medialball centeredat S. Now we
introducea function f (x; y; z) whosezerolevel setapproximates
the envelopeof the medialballs. Let us divide the boundingbox
(unit box)uniformly into 20 � 20 � 20 voxelsG l;m;n . Weset

hl;m;n (x; y; z) = minf g(x; y; z; S) : S 2 Gl;m;n g ;

wherethe minimum is taken over all skeletonverticesS that be-
long to thecell Gl;m;n . Thenf (x; y; z) is de�ned for (x; y; z) 2
Gl;m;n by

f (x; y; z) =
�

hl;m;n (x; y; z) if hl;m;n (x; y; z) < 0;
min f hl;m;n ; hl � 1;m � 1;n � 1g otherwise.

The meshevolution we useto eliminateglobal and local self-
intersectionsevolveseachmeshby

@M
@t

= � f (M )r f (M ) � W 4 2(M ): (5)

Here� f (M )r f (M ), the antigradientof 1
2 f 2 , pushesthe mesh

verticestowardsthezerolevel setof f (x; y; z). TheweightW (M )
in (5) for ameshvertex M 2 M is givenby

W (M ) =
jf (M ) � g(M ; S)j

max
M 2M

jf (M ) � g(M ; S)j
;

whereS is theskeletonvertex correspondingto meshvertex M .
Similar to (4) the bilaplacianterm in (5) makes the �o w more

stablewhile anotherterm in the left hand-sideof (5) pushesthe
meshverticestowardstheenvelopeof themedialballscenteredat
theverticesof thedeformedskeleton.

Mesh fairing with (4) and (5) is demonstratedin Fig.11 for a
large-scaledeformationof anellipsoidmodel.

Figure 11: Fairing global and local self-intersections.Top-left:
an ellipsoid, its skeletalmesh,and control points usedto deform
the skeletalmesh.Top-right: the ellipsoid is bendedvia a skele-
ton-baseddeformation. Bottom-left: folds and protrusions are
removed by (4), however local and global self-intersectionsre-
main. Bottom-right: removing the self-intersectionsby (5).



(a) (b) (c) (d) (e)

Figure 12: Basicmeshdeformation process.(a) The original hand mesh,its skeletal mesh,and control points to be usedto deform
the skeletal mesh. (b) A deformed skeletal mesh. (c) Folds and protrusions are observed in the deformed mesh. (d) The folds
and protrusions are removed by (4); however global and local self-intersectionsare still presented. (e) The global and local self-
intersectionsareeliminated by (5).

3.3 Gathering All Together
Our basicmeshdeformationprocessis demonstratedin Fig.12

Given a mesh,�rst its Voronoi-basedskeletal meshis extracted.
Next a free-formdeformationis appliedto theskeletalmesh.Then
adeformedmeshis reconstructedfrom thedeformedskeletalmesh
accordingto (1). Weemploy (2), (3) with L = 3 to producethede-
formedmesh.Finally meshfairing is applied.Meshevolution (4)
eliminatesfolds andprotrusionsandmeshevolution (5) removes
theself-intersections.

Figure 13: Removing self-intersectionsof the deformed hand
mesh fr om Fig.12(d). Left: various views at a zoomedpart
of Fig.12(d). Right: correspondingviewsat the sameparts of
Fig.12(e).The self-intersectionsaregone.

4. COMBINING WITH DISPLACED SUBDI­
VISION SURFACE REPRESENTATION

The mosttime consumingstepsof our basicmethodpresented
in previoussectionsarethosedescribedin subsections3.1and3.2.
For example,for thehandmodelconsistingof 16K trianglesonly,
its deformationprocessesshown in Fig.13takesapproximatelyone
andahalf minutesfor eliminatingself-intersections,aboutsix sec-
ondsfor removing folds andprotrusions,andlessthanonesecond
for all theotheroperations(aJava3Dimplementationona1.7GHz
Pentium4computerwasused).In ordertoperformthedeformation
processin a matterof few secondswe combineit with a displaced
subdivisionsurfacerepresentation[18].

Thedisplacedsubdivision surfacerepresentation,DSS-rep,is a
compactsurfacerepresentationcapturingsmall-scaledetailsof an
originalsurfaceasascalardisplacement�eld overadecimatedand
thensubdividedsurface.

Givena densemesh,�rst we obtaina DSSrepresentationof the
mesh: a decimatedmeshand a scalardisplacement�eld. Then
webuild ourskeleton-basedrepresentationof thedecimatedmesh.
The decimatedmeshhas much fewer verticesthan the original
densemeshanddo not containsmall-scaledetails. This leadsto
fast and robust extraction of the Voronoi-basedskeleton for the
decimatedmesh. Moreover DSS-repprotects�ne geometryfea-
turesof theoriginalmeshfrom beingdamagedby meshevolutions
(4) and(5). Themeshdeformationprocessis now organizedasfol-
lows: afree-fromdeformationis appliedto theskeletonof thedeci-
matedmeshandimpliesadeformationof thedecimatedmesh.The
deformedmeshis then subdivided and, �nally , a deformationof
theoriginal densemeshis obtainedfrom thesubdivideddeformed
meshby addingthescalardisplacement�eld.

To demonstratehow theabove combinationof DSS-repandthe
skeleton-drivenmeshdeformationapproachdescribedin previous
sectionsworksweusedthedragon,mannequinhead,cow, andhand
models.Themodelsareremeshed(topologicalnoiseremoval, dec-
imation,subdivision) in orderto improve theirquality. SeeFigures
1, 14,15,and16 for theresults.Coloringby themeancurvatureis
usedfor aqualityevaluationof thedeformedmodels.



Figure 14: Skeleton-baseddeformations enriched by DSS: the
cow model consistsof 45K triangles while its skeletal meshhas
3K triangles only.

Figure15: Another global deformation of the cow model.

In theseexamples,the whole meshdeformationprocesstakes
only afew secondswithout takinginto accountcomputingtheDSS
representation.In our current implementation,we computethe
DSSrepresentationwithoutits mostcomputationallyexpensiveop-
timization step[18]. BesidesDSS-rephasto be computedonly
once.

Figure 16: Skeleton-baseddeformations enriched by DSS: the
hand model has 38K triangles while its skeletal meshconsists
of 2K triangles only.

5. CONCLUSION
In this paper, we have developeda new approachto free-from

skeleton-basedmeshdeformations.Usingtheskeletonasthebase
of our techniqueallows us to generatenatural-lookinglarge-scale
meshdeformations.The main featuresof our approachareusing
Voronoi-basedskeletalmesh,applyingmeshevolutionsfor skele-
ton fairing,andcombiningskeleton-basedmeshdeformationswith
theDSSmeshrepresentationapproach.All this makesit possible
to produceglobalmeshdeformationsof satisfactoryquality.

To evolve a meshaccordingto (4) and (5) we employ a sim-
ple explicit �nite-dif ferenceapproximation.Betterresultscanbe
achievedif a semi-implicitapproximationsimilar to thatproposed
in [11] is used.

It turnsour thatastability in extractionof themedialaxis(skele-
ton) is moreimportantfor our methodthanan approximationac-
curacy. This is why we do not build our skeletonfrom theVoronoi
polesintroducedandeffectively usedfor meshreconstructionpur-
posesin [2, 1]. Instead,following ideasof [12], we approximate
theskeletonby linearcombinationsof Voronoivertices.



As demonstrated,our skeleton-basedapproachworks well for
deformingobjectscomposedof elongatedparts.Theapproachhas
limitations in processingobjectsof spherical-like shapesbecause
theirskeletonsareusuallyverycomplex. Anotherlimitation of our
methodconsistsin deformingmodelswith sharpedgesandcorners
sincethemeshevolutions(4) and(5) maydestroy themeshsharp
features.Finally
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