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Abstract

We proposea fastandrobust methodfor detectingcrestlines on
surfacesapproximatedby densetrianglemeshes.The crestlines,
salientsurfacefeaturesde�nedvia �rst- andsecond-ordercurvature
derivatives,arewidely usedfor shapematchingandinterrogation
purposes.Their practicalextractionis dif�cult becauseit requires
goodestimationof high-ordersurfacederivatives.Our approachto
thecrestline detectionis basedon estimatingthecurvaturetensor
andcurvaturederivativesvia localpolynomial�tting.

Sincethecrestlinesarenotde�ned in thesurfaceregionswhere
the surface focal set (caustic)degenerates,we introducea new
thresholdingschemewhich exploits interestingrelationshipsbe-
tweencurvatureextrema,theso-calledMVS functionalof Moreton
andSequin,andDupincyclides,

An applicationof thecrestlinesto adaptive meshsimpli�cation
is alsoconsidered.

Intr oduction

Developingmethodsfor fastandaccuratedetectionof featurelines
on polygonal and point-sampledsurfacesis currently a subject
of intensive research[Khanejaet al. 1998; Gumholdet al. 2001;
Hubeli andGross2001;LeeandLee2002;Pauly et al. 2003;Page
et al. 2002;Ohtake et al. 2004;StylianouandFarin 2004;Cazals
and Pouget2004a]. In this paper, we proposea fast and robust
methodfor detectingsurfacecreaseson surfacesapproximatedby
densetrianglemeshes.

Surfacecreases,curves on a surfacealong which the surface
bendssharplycanbe intuitively de�ned asloci of sharpvariation
pointsof the surfacenormal. Mathematicallythe sharpvariation
pointsof thesurfacenormalsaredescribedvia extremaof thesur-
faceprincipalcurvaturesalongtheir correspondinglinesof curva-
ture. Thesecurvatureextrema,calledalsoridges,have beenthor-
oughly studiedin connectionwith researchon classicaldifferen-
tial geometryand singularity theory [Koenderink1990; Porteous
1994;Belyaev et al. 1997;Hallinanet al. 1999;CazalsandPouget
2004b]. The ridgesandtheir subsetshave numerousapplications
in image and data analysis[Monga et al. 1992] quality control
of free-formsurfaces[Hosaka1992],humanperception[Hoffman
andRichards1985],analysisandregistrationof anatomicalstruc-
tures[Pennecet al. 2000], geomorphology[Little and Shi 2001]
and non-photorealisticrendering[Interranteet al. 1995; DeCarlo
et al. 2003]. Seealsoreferencestherein. Theso-calledcrestlines
areformedby the perceptuallysalientridge pointsandconsistof
the surfacepointswherethe magnitudeof the largest(in absolute
value)principalcurvatureattainsamaximumalongits correspond-
ing line of curvature.

Practicaldetectionof thecrestlinesandothertypesof curvature
extremais adif�cult computationaltaskbecauseit requiresahigh-
qualityestimationof thecurvaturetensorandcurvaturederivatives.
In general,global�tting methodsdoabetterjob in estimatinghigh-
order surfacederivatives and lead to more accuratedetectionof
curvatureextrema[Kent et al. 1996; Ohtake et al. 2004] thanthe
local estimationschemes.On the other hand,the local schemes
are much fasterand often demonstratea quite satisfactory per-
formance[Guéziec1993; Stylianouand Farin 2004; Cazalsand
Pouget2004a].

Our procedurefor detecting the crest lines combines local
polynomial �tting basedon a modi�cation of the method of
[Goldfeatherand Interrante2004], a �nite differencescheme/test
proposedin [Ohtake et al. 2004] and used for curvature max-
ima/minima identi�cation, and a careful thresholdingbasedon
the MVS functionalof MoretonandSequin[Moreton andSequin
1992]. Our methodis fast since we estimatenecessarysurface
derivativesvia local polynomial�tting. For example,for the Igea
modelconsistingmorethan200K trianglesit takesonly ninesec-
ondsfor estimatingthe curvaturetensorandcurvaturederivatives
and four secondsfor detectingcrest lines on a standard1.7GHz
Pentium4 PC. Our approachis capableof achieving high quality
resultscomparablewith thoseobtainedvia global�tting procedures
[Ohtake et al. 2004].Fig.1 shows crestline patternsfoundon sim-
ple andcomplex geometricalmodelsfor variousvaluesof a user-
speci�ed parameterwhich controlsthe strengthof detectedcrest
lines.

Wealsoconsiderapplicationsof thecrestlinesto adaptivemesh
simpli�cation.

Diff erential Geometr y Backgr ound

Considera smoothorientedsurfaceS anddenotekmax andkmin
its maximal and minimal principal curvatures,kmax � kmin. Let
tmax andtmin bethecorrespondingprincipaldirections.Denoteby
emax andemin thederivativesof theprincipalcurvaturesalongtheir
correspondingcurvaturesdirections:

emax = ¶kmax=¶tmax; emin = ¶kmin=¶tmin:

Following [Thirion 1996] let us call emax and emin the extremal-
ity coef�cients. Theextremalitycoef�cients arenot de�ned at the
umbilicalpoints(kmax = kmin) sincetheprincipaldirectionsareun-
de�ned there. The ridgesare formedby the closureof pointson
S whereoneof the extremality coef�cients vanishes.According
to thisde�nition, theumbilicalpointsareridgepoints.In [Porteous
1994;Hallinanet al. 1999] theridgepatternsin smallvicinities of
umbilicalpointsareanalyzed.

The crestlines consistof perceptuallysalientridge points. We
distinguishconvex andconcave crestlines. Theconvex crestlines
aregivenby

emax = 0; ¶emax=¶tmax < 0; kmax > jkminj;

while theconcavecrestlinesarecharacterizedby

emin = 0; ¶emin=¶tmin > 0; kmin < �j kmaxj:



Figure1: Crestlinesdetectedon varioustrianglemeshes.A scale-independentparameterT de�ned by (5) is usedto keepthemostvisually
importantfeatures:T = 2:4 for theFanmodel,T = 1:0 for theFelinemodel,T = 2:7 for theIgeamodel,T = 3:2 for theMannequinHead
model,T = 0:9 for theCamelmodel,andT = 2:3 for theMoai model. For all themodelone-ringneighborhoodpolynomial�tting is used
for estimatingthecurvaturetensorandcurvaturederivatives.

Theconvex andconcave crestlinesaredualw.r.t. thesurfaceori-
entation:changingtheorientationturnstheconvex crestlines into
concaveoneandviceversa.

Denoteby F the focal set of S . The focal set is formedby
the principal centersof curvatureandconsistsof two sheetscor-
respondingto the maximalandminimal principal curvatureskmax
andkmin. Focal setF is not a smoothsurfaceandhassingulari-
ties. The singularitiesof F consistof spacecurveswhich corre-
spondto theridgesonS . Thereis aspecialfamily of surfaces,the
so-calledDupin cyclides, whosefocal setsdegenerateinto space
curves(asphereandaplanecanbeconsideredasdegenerateDupin
cyclideswhosefocal setsare isolatedpoints; the focal point of a
planeis locatedat in�nity). Theridgesarenot de�ned on a Dupin
cyclide. TheDupincyclideswereintroducedby theFrenchgeome-
ter CharlesDupin at the beginning of the 19th centuryandsince
thenhavebeenintensively studiedin connectionwith variousshape
modelingtasks.See,for example,[Chandruet al. 1989]for a short
historicalsurvey of theDupincyclidesandtheirusageand[Foufou
andGarnier2004] for recentapplicationsof theDupin cyclidesin
geometricmodelingasa CAGD primitive. The skeleton(medial
axis) of a �gure boundedby a Dupin cyclide degeneratesinto a
curvedaxis. Thefamily of Dupin cyclidesincludesspheres,cylin-
ders,cones,andtori.

Onecanshow that the Dupin cyclidesarecharacterizedby the
condition

jemaxj
2 + jeminj2 = 0: (1)

Noticethattheleft-handsideof (1) is theintegrandof theso-called
MVS functionalintroducedin [MoretonandSequin1992] for fair
surfacedesignpurposes.

Assumethat S is given in the parametricform r = r(u;v) and
let n(u;v) be the unit normalvectorto S . Considera point r 0 =
r(u0;v0) andassumethat (ru; rv;n) form an orthonormalbasisat
r0. Further, let usassumethat thebasisvectorsr u andrv coincide
with theprincipaldirectionstmax andtmin, respectively, atr0. Then,
accordingto theclassicalformulaof Rodrigues,wehave

nu = � kmaxru and nv = � kminrv;

Thefocal setF is givenby

f = r(u;v) + R(u;v)n(u;v) with R= 1=kmax;1=kmin:

The focal setf(u;v) degeneratesat (u0;v0) if the orientedareael-
ementof F correspondingto theorientedareaelementof S van-
ishesat r0. It gives

fu � fv = (ru + Run+ Rnu) � (rv + Rvn+ Rnv) = 0;

wherefu andfv arethepartialderivativesof f(u;v). After obvious
simpli�cations wearriveat

ruRu (1� Rkmin) + rvRv (1� Rkmax) +
+ n(1� Rkmax) (1� Rkmin) = 0;

whereR = 1=kmax;1=kmin. Thus the kmax-branchof F degener-
atesat f(u0;v0) if emax = 0, the kmin-branchof F degeneratesat
f(u0;v0) if emin = 0, andboth thebranchesdegenerateat common
point f(u0;v0) if kmax = kmin. The focal pointscorrespondingto
surfacepointswhereeitheremax = 0 or emin = 0 (ridges)form the
so-calledcuspidaledgescalledalsofocal ribs [Porteous1987;Por-
teous1994].For agenericsurface,focal ribsalwaysgothroughthe
focal setsingularitiescorrespondingto theumbilicsof thesurface.
Now we canconcludethata genericsurfaceregion wherethe left
hand-sideof (1) is small is closeto apartof aDupincyclide.

Practicaldetectionsof the ridgesandtheir subsetsis extremely
dif�cult in thosesurfaceregionswhichareslightly perturbedDupin
cyclide patchesand where,therefore,the left hand-sideof (1) is
closeto zero.Suchregionsmaycontainmany spuriousridges(and
crestlines).Thusit seemsnaturalto usetheleft hand-sideof (1) as
ameasurefor selectinggeometricallyimportantcrestlines.

Estimating Surface Deriv atives
Given a meshM approximatinga smoothsurfaceS , in orderto
achieve a fastandaccurateestimationof the principal curvatures
andtheir derivativesa bivariatepolynomialis �tted locally to each
meshvertex. To date,two polynomial �tting strategies are used
for estimatingsurfacederivativesat a meshvertex. Accordingto
onestrategy, it is assumedthat thesurfacenormalat vertex is pre-
liminary estimated.It leadsto theso-calledadjacent-normalcubic
approximationmethod[GoldfeatherandInterrante2004].Thesec-
ond strategy [Cazalsand Pouget2003] doesnot assumethat the
meshnormal is alreadygiven. Accordingto our numericalexpe-
rience,if thevertex normalis approximatedappropriately, the�rst
strategy leadsto a betterestimationof the surfacecurvaturesand
their derivativesat thevertex.

In ournumericalexperimentsweusethefollowing enhancement
of adjacent-normalcubic approximationmethod. For eachmesh
vertex p 2 M its one-link neighborhoodis consideredanda new
vertex p0 is obtainedasthearithmeticmeanof thecentroidsof the
meshtrianglesadjacentto p. Thesenew verticesf p0g form a new
meshM 0whichis smootherthanM . Now for eachvertex p02 M 0

its unit normalis estimatedvia NelsonMax's method[Max 1999].
Thenacubicpolynomial

h(x;y) =
1
2

�
b0x2 + 2b1xy+ b2y2

�
+ (2)

+
1
6

�
c0x3 + 3c1x2y+ 3c2xy2 + c3y3

�



is �tted in theleast-squaresense[GoldfeatherandInterrante2004]
to p0 anda setof its neighboringvertices. That setof neighbors
of p0 is obtainedfrom the k-link neighborhoodof p0 by removing
thoseverticeswhosenormalsmake obtuseangleswith thenormal
atp0. In practiceweusek = 1;2;3;4. Next thecurvaturetensorand
extremalitycoef�cients areexpressedvia derivativesof local cubic
polynomialh(x;y). Finally thesecurvatureattributesareassigned
to theoriginal verticesf pg of meshM .

We have alsoderivedanelegant formula for anextremalityco-
ef�cient atasurfacepointwhereS is locally approximatedby (2)

e= ¶k=¶t =
�

t2
1

t2
2

� T �
c0 c1
c2 c3

� �
t1
t2

�
: (3)

Heret = (t1; t2)T is theprincipaldirectioncorrespondingto aprin-
cipalcurvaturek. Becauseof its simplicity, (3) leadsto asigni�cant
reductionof computationaltime.

To prove (3) let us considerthe well-known formula for an ex-
tremalitycoef�cient e= ¶k=¶t for asurfacegivenin implicit form
F(x) = 0, x = (x1;x2;x3), (see,for example,[Porteous1994,Ex-
ercise11.8]andalso[Monga et al. 1992]wherea smallmistake in
the�nal formulasfor thecurvaturederivativesis made)

e= Ñk� t =
Fi j l tit j tl + 3kFi j tin j

jÑFj
; (4)

whereFi j andFi j l denotethe secondandthird partial derivatives
of F(x), respectively, t = (t1; t2; t3) is theprincipaldirectioncorre-
spondingto a principalcurvaturek, n = (n1;n2;n3) is theunit sur-
facenormal,andthesummationoverrepeatedindicesis implied. In
ourcase,F = z� h(x;y) andattheoriginof coordinatesn = (0;0;1)
andt = (t1; t2;0). Thus,sincethepolynomialh(x;y) doesnot con-
tain linearterms,at theorigin of coordinates(4) simpli�es into

e= Fi j l tit j tl

and(3) immediatelyfollows.
Fig.2 comparesthe setsof crest lines detectedon a 3D text

meshvia thestraightforwardpolynomial�tting (thetop image)and
theenhancedadjacent-normalcubicapproximationmethod(weuse
k = 1 in thisexample).

Although our schemefor estimatingsurfacederivatives seems
complicated,it leadsto highly effective crest line detectionpro-
cedurewhich only slightly dependson the meshconnectivity and
triangleaspectratios.In Fig.3 wecomparethepatternsof thecrest
linesdetectedontheoriginalStanfordbunny meshandonthemesh
obtainedvia an implicitization of thebunny modelandthenpoly-
gonizingusingBloomental's method[Bloomenthal1994].Despite
thefactthatthenew bunny meshcontainsmany sliver trianglesand
hasirregular connectivity, the patternsof the crestlines found on
themeshesareremarkablysimilar.

Tracing and Thresholding Crest Lines

Once the curvature tensorand extremality coef�cients are esti-
matedat eachvertex of M , we inspectthe edgesM and check
whetherthey containcurvaturemaximaandminima.Wedetectthe
crestline verticesandconnectthemtogetherfollowing the proce-
dureproposedin [Ohtake et al. 2004] with onesmall, but impor-
tant,addition. It turnsout that theproceduremaygenerateseveral
closedisconnectedcrestlines in situationssimilar to thoseshown
in the left imageof Fig.4. In order to reducethe fragmentation
of the crestlines we inspectthe meshverticesandtheir one-ring
neighborhoods.For eachone-ringvertex neighborhoodcontain-
ing crestline end-pointswe connecttwo end-pointsif a � p=3,
b � p=3, g � p=2, wherea , b , andg arethe anglesbetweenthe

end-segmentsandthe segmentconnectingthe end-points,asseen
theright imageof Fig.4.

Figure 2: Crest lines detectedon 3D text. Top: polynomial �t
without preliminaryestimationof meshnormalsis used.Bottom:
theenhancedadjacent-normalcubicapproximationmethodis em-
ployed for estimatingsurfacecurvaturesandtheir derivatives. In
boththecasespreliminarysmoothingp ! p0wasapplied.

Figure3: Patternsof crestlinesandmeshtrianglesfor two bunny
models.Left: original Stanfordbunny meshwith 69,451triangles
is used.Right: anotherbunny meshwith 279,984trianglesis used.
The necessarysurfacederivativesareestimatedvia the enhanced
cubicpolynomial�tting with k = 1 for theoriginalStanfordbunny
meshandk = 3 for theremeshedbunny sincethelatteris morethan
threetimesbiggerthantheoriginalone.

As we mentionedbefore,thesumof squaredextremalitycoef�-
cientsis very appropriatefor measuringsaliency of thecrestlines.
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Figure4: Left: a situationwhenwe maywant to connectthecrest
lines(shown in bold) together. Right: anglesa , b , andg generated
by crestline end-segmentsandthe segmentconnectingcrestline
end-pointsareusedto measurewhengap-jumpingis necessary.

In practiceweusethefollowing scale-independentquantityto mea-
surethestrengthof acrestline

T =
Z

ds�
Z q

jemaxj
2 + jeminj2ds; (5)

wherethe integralsare taken over the crestline. This threshold-
ing parameterinvolvesthird-ordersurfacederivativesandis more
complex thanthat usedin [Ohtake et al. 2004] wherethe integral
of a principalcurvaturealonga featureline wasused.On theother
hand,thresholdingwith (5) is simplerthanthethresholdingscheme
proposedin [CazalsandPouget2004a]wherea second-ordercur-
vaturederivative is usedfor �ltering out spuriousridgesandcrest
lines.

We usea linear interpolationschemefor estimatingthecyclide-
ness

C =
q

jemaxj
2 + jeminj2 (6)

at crestline vertex v locatedonmeshedge[p;q]:

C(p) =
aC(p) + bC(q)

a+ b
;

wherea = jemax(q)j, b = jemax(p)j for the convex crestlines and
a= jemin(q)j, b= jemin(p)j for theconcaveones.Now theintegrals
in (5) areestimatedby a simpletrapezoidapproximationsimilar to
thatusedin [Ohtakeetal. 2004].

Roughlyspeaking,cyclideness(6) measureshow far a surface
region is from beinga partof a Dupin cyclide. If x lies on a con-
vex (concave) crest line, then emax(x) = 0 andC(x) = jemin(x)j
(emin(x) = 0 andC(x) = jemax(x)j).

At the�rst glance,it looksthat (5) doesnot affect umbilical re-
gions. In fact it does:by continuitycyclideness(6) vanishesat the
isolatedumbilics. A small perturbationof an umbilic region cre-
atesa non-umbilicalregion containingisolatedumbilics. Further,
asit wasshown in [Belyaev et al. 1997],thecrestlinesdo not pass
throughthegeneric(typical)umbilics.

Fig.5 demonstrateshow ourcrestline �ltering schemeworksfor
amodelwith sphericalandcylindrical regions.Noticehow well the
crestlines detectedat the meshpartsapproximatedthoseregions
are�ltered out.

T = 0 T = 0:2 T = 6:7
Figure 5: Detectingcrest lines for a model containingspherical
andcylindrical regionsfor variousvaluesof thresholdT. For each
meshvertex, its three-ringneighborhood(k = 3) is usedfor local
polynomial�tting.

Fig.6 exposesdetectingcrest lines on a more complex model
containing�at, cylindrical, andslightly curved regionsandsmall
features.IncreasingT allows us to remove inessentialcrestlines
while preservingsalientones. The �gure alsodemonstrateshow
thesizeof vertex neighborhoodsusedfor polynomial�tting affects
thecrestline detectionprocedure.A largerneighborhoodleadsto
smootherapproximationof the meshand, therefore,allows us to
disregardthecrestlineslocatedin slightly convex/concaveregions.
SeealsoFig.1 whereone-ringneighborhoodpolynomial�tting is
usedfor all themodels.

Crest Lines and Mesh Simpli�cation

In thissection,wedevelopaquadric-basedmeshsimpli�cation pro-
cedureguidedby thedistance�eld from crestlines.Ouruseof crest
lines for adaptive meshsimpli�cation purposesis inspiredby re-
centwork [Kho andGarland2003].Sincecrestlinesonameshare
importantshapefeatures,it is naturalto simplify themeshaggres-
sively far from themostsalientcrestlinesandpreserve themeshin
avicinity of them.

Givenasetof featurelines(crestlines,in ourcase)onsurfaceS ,
following [L évyetal. 2002]for asurfacepointp 2 S weconsider
d(p) the geodesicdistancebetweenp andthe closestfeatureline
(crestline) point. Let max(d) bethemaximumof thegeodesicdis-
tancesd(p) overall pointsof S . Weintroduceascale-independent
weighteddistancefunction

F(d) =
�

d
max(d)

+ e
� h

; (7)

wheree is aregularizationparameter(in all ourexperimentsweuse
e = 0:1) andh is a positive user-speci�edparameterwhich is used
to controladegreeof in�uence of thecrestlines.

Oncethecrestlinesaredetectedand�ltered, we computea dis-
cretefeaturedistancedi for eachtriangleTi 2 M . Let usde�ne the
distancebetweentwo trianglesTj of Ti of M sharinga common
edgeas the sum of distancesbetweenthe triangle centroidsand
the edgemidpoint. To computef dig we usea variant the Floyd-
Warshallall-pairsshortestpathalgorithm.

Fig.7 visualizesthedistance�elds computedontheMax-Planck
andStanfordbunny meshes.

Similar to [Kho and Garland2003] a weightedquadric error
metricw jQ(Tj ) is assignedto eachtriangleTj of meshM , where
Q(Tj ) is thestandardGarland-HeckbertQEM [GarlandandHeck-
bert1997].Wesetw j = 1=F(d j ) andcontrolthedegreeof in�uence
of crestlinesvia parameterh in (7). Fig.8 presentstheMax-Planck
meshits eye region 90%-decimatedfor variousvaluesof h . The
detectedcrestline arethoseshown in theleft imageof Fig.7. The
meshdensityis changingsmoothlyaccordingto geodesicdistance
to thecrestlines.

Discussion

Wehavepresenteda fastmethodfor detectingsalientcurvatureex-
tremaon surfacesapproximatedby densetrianglemeshes.It pro-
cessesabout20K=k trianglespersecondonastandard1.7GHzPen-
tium4 PCwith 512MB RAM for k-ring neighborhoodpolynomial
�tting andestimatingthecurvaturetensorandcurvaturederivatives.
Thecrestline tracingstageat themethodis fasterthantheestima-
tion stagealthoughtheformerdependsongeometriccomplexity of
models.Thesourcecodeof ourmethodis availableon theWebfor
evaluation[Yoshizawa ].

Themethodis robust.Theresultsof ourcrestline detectionpro-
ceduredependsonly slightly on thequalityof themesh,asdemon-
stratedin Fig.3.



T = 0, k = 1, T = 4:8, k = 1

T = 0, k = 4 T = 2:2, k = 4

Figure6: Crestlinesdetectedon a mechanicalpartmodelwith differentvaluesof thresholdT andvertex neighborhoodsizek usedfor local
polynomial�tting.

Figure7: Distancefrom salientcrestlines is visualizedfor Max-
PlanckandStanfordbunny meshes.Thecrestlinesarefoundwith
three-ringneighborhood�tting (k= 3) andT = 40for boththemod-
els.

h = 0 h = 3 h = 6

Figure8: Max-Planckmeshandits eyepart90%-decimatedfor var-
ious valuesof h . The left image(h = 0) shows the resultof the
standardGarland-Heckbertdecimationprocedure.

(a) (b) (c) (d)
Figure9: (a)Crestlinesdetectedusingthemethodof thispaper, one-ringneighborhood�tting is used.(b) Crestlinesdetectedusingaglobal
implicit �tting method[28]. In both thecases,no �ltering is applied.(c) Theexactcrestlineson a simpleanalyticalsurface.(d) Thecrest
linesdetectedwith ourmethod,one-ringneighborhood�tting is employed.



Our methodis capableof achieving high quality resultsin de-
tectingsalientcurvatureextremato comparewith schemesbased
on global �tting procedures.In Fig.9 we give a visual compari-
sonof our methodwith thatdevelopedin [Ohtake et al. 2004](the
two left images)andwith the exact detectionof the crestlines on
analyticalwaving surfacer(u;v) = [ucosv;usinv;cosu] (two right
images).1

Our�ltering schemefor removing unessentialcrestlinesis based
oninterestingrelationshipsbetweenDupincyclides,focalsets,cur-
vatureextrema,and variational functionals. We usecyclideness
(6) as the main ingredientof our �ltering schemeand measure
thestrengthof crestlinesby scale-independentquantity(5). Thus
long but weakcrestlinesarepreferredto strongbut shortones.Of
course,different�ltering procedurescanbealsousedinsteadof that
basedon (5). Similar manualthresholdingschemeswerealsoused
in [Ohtake et al. 2004;CazalsandPouget2004a].Manual�ltering
is hardlyavoidablefor complex geometrysurfaces,sincethecrest
lines are local surfacefeatureswhile saliency-basedthresholding
shouldtake into accountglobalsurfaceshape.

Finally we have demonstratedhow crestlines canbe usedfor
adaptive meshsimpli�cation preservingvisually importantshape
features.
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