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Abstract

We proposea fastand robust methodfor detectingcrestlines on
surfacesapproximatedoy densetriangle meshes.The crestlines,
salientsurfacefeaturesie nedvia rst- andsecond-ordecurvature
derivatives, arewidely usedfor shapematchingandinterrogation
purposes.Their practicalextractionis dif cult becauset requires
goodestimationof high-ordersurfacederiatives. Our approacho
the crestline detectionis basedon estimatingthe cunaturetensor
andcurvaturederivativesvia local polynomial tting.

Sincethecrestlinesarenotde ned in the surfaceregionswhere
the surface focal set (caustic) degenerateswe introducea new
thresholdingschemewhich exploits interestingrelationshipsbe-
tweencurvatureextrema,the so-calledMVS functionalof Moreton
andSequin,andDupin cyclides,

An applicationof the crestlinesto adaptie meshsimpli cation
is alsoconsidered.

Intr oduction

Developingmethoddor fastandaccuratedetectionof featurelines
on polygonal and point-sampledsurfacesis currently a subject
of intensive researci{Khanejaet al. 1998; Gumholdet al. 2001;
HubeliandGross2001;LeeandLee 2002;Pauly etal. 2003;Page
et al. 2002; Ohtale et al. 2004; Stylianouand Farin 2004; Cazals
and Pouget2004a]. In this paper we proposea fastand robust
methodfor detectingsurfacecrease®n surfacesapproximatedy
densdrianglemeshes.

Surface creasesgcurves on a surface along which the surface
bendssharplycanbe intuitively de ned asloci of sharpvariation
points of the surfacenormal. Mathematicallythe sharpvariation
pointsof the surfacenormalsaredescribedvia extremaof the sur
faceprincipal curvaturesalongtheir correspondindines of cuna-
ture. Thesecunatureextrema,calledalsoridges,have beenthor
oughly studiedin connectionwith researchon classicaldifferen-
tial geometryand singularity theory [Koenderink1990; Porteous
1994;Belyaer etal. 1997;Hallinanetal. 1999;CazalsandPouget
2004b]. Theridgesandtheir subsethase numerousapplications
in image and data analysis[Monga et al. 1992] quality control
of free-formsurfaces[Hosakal992], humanperceptior{Hoffman
andRichards1985], analysisandregistrationof anatomicaktruc-
tures[Pennecet al. 2000], geomorphologyLittle and Shi 2001]
and non-photorealisticendering[Interranteet al. 1995; DeCarlo
etal. 2003]. Seealsoreferencesherein. The so-calledcrestlines
areformedby the perceptuallysalientridge points and consistof
the surfacepointswherethe magnitudeof the largest(in absolute
value)principal cunatureattainsa maximumalongits correspond-
ing line of cunvature.

Practicaldetectionof the crestlinesandothertypesof curvature
extremais adif cult computationataskbecausét requiresa high-
quality estimationof the curvaturetensorandcunaturederivatives.
In generalglobal tting methodglo abetterjob in estimatinghigh-
order surface derivatives and lead to more accuratedetectionof
cunatureextremal[Kentet al. 1996; Ohtale et al. 2004] thanthe
local estimationschemes.On the other hand, the local schemes
are much fasterand often demonstratea quite satisictory per
formance[Guéziec 1993; Stylianouand Farin 2004; Cazalsand
Pouget2004a].

Our procedurefor detectingthe crest lines combineslocal
polynomial tting basedon a modication of the method of
[Goldfeatherand Interrante2004], a nite differencescheme/test
proposedin [Ohtake et al. 2004] and usedfor curnature max-
ima/minima identi cation, and a careful thresholdingbasedon
the MVS functionalof Moretonand Sequin[Moreton and Sequin
1992]. Our methodis fast since we estimatenecessarysurface
derivativesvia local polynomial tting. For example,for the Igea
modelconsistingmorethan200K trianglesit takesonly nine sec-
ondsfor estimatingthe curvaturetensorand curvaturederivatives
and four seconddor detectingcrestlines on a standardl.7GHz
Pentiumd PC. Our approachs capableof achiezing high quality
resultscomparablavith thoseobtainedvia global tting procedures
[Ohtalke etal. 2004]. Fig.1 shows crestline patternfoundon sim-
ple and complex geometricamodelsfor variousvaluesof a user
speci ed parametewhich controlsthe strengthof detectedcrest
lines.

We alsoconsiderapplicationf the crestlinesto adaptve mesh
simpli cation.

Diff erential Geometr y Background

Considera smoothorientedsurfaceS and denotekmax and knin
its maximal and minimal principal cunatures,Kmax  Kmin- Let
tmax andtmin bethe correspondingrincipaldirections.Denoteby
emax andeyn the derivativesof the principal curvaturesalongtheir
correspondingunaturesdirections:

€min = TKmin=Ttmin:

Following [Thirion 1996] let us call emax and emjn the extremal-
ity coefcients. The extremality coefcients arenotde ned atthe
umbilical points(kmax = Kmin) Sincethe principaldirectionsareun-
de ned there. The ridgesare formed by the closureof pointson
S whereoneof the extremality coefcients vanishes.According
tothisde nition, theumbilical pointsareridge points.In [Porteous
1994;Hallinanetal. 1999]theridge patternsn smallvicinities of
umbilical pointsareanalyzed.

The crestlines consistof perceptuallysalientridge points. We
distinguishcorvex andconcae crestlines. The corvex crestlines
aregivenby

€max= Tkmax=Ttmax;

enax= 0;  TemaxcTtmax< 0;  Kmax> jKmini;

while theconcae crestlinesarecharacterizety
Kmin < ] Kmax:

€min= 0,  Temin=Ttmin> 0;
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Figurel: Crestlinesdetectedn varioustrianglemeshesA scale-independempiarameteil de ned by (5) is usedto keepthe mostvisually
importantfeatures:T = 2:4 for the Fanmodel,T = 1:0 for the Felinemodel, T = 2:7 for thelgeamodel,T = 3:2 for the MannequinHead
model,T = 0:9 for the Camelmodel,andT = 2:3 for the Moai model. For all the modelone-ringneighborhoodolynomial tting is used

for estimatingthe curvaturetensorandcurvaturederivatives.

The corvex andconcae crestlinesaredual w.r.t. the surfaceori-
entation:changingthe orientationturnsthe corvex crestlinesinto
concae oneandvice versa.

Denoteby F the focal setof S . The focal setis formedby
the principal centersof cunatureand consistsof two sheetscor
respondingo the maximaland minimal principal cunatureskmax
andknmin. FocalsetF is not a smoothsurfaceandhassingulari-
ties. The singularitiesof F consistof spacecurveswhich corre-
spondto theridgeson S . Thereis aspecialfamily of surfacesthe
so-calledDupin cyclides, whosefocal setsdegeneratento space
cunes(asphereandaplanecanbeconsideredsdegeneratdupin
cyclideswhosefocal setsare isolatedpoints; the focal point of a
planeis locatedatin nity). Theridgesarenot de ned ona Dupin
cyclide. The Dupin cyclideswereintroducedby the Frenchgeome-
ter CharlesDupin at the beginning of the 19th centuryand since
thenhave beenintensively studiedin connectiorwith variousshape
modelingtasks.See for example,[Chandruetal. 1989]for ashort
historicalsuney of the Dupin cyclidesandtheir usageand[Foufou
andGarnier2004]for recentapplicationsof the Dupin cyclidesin
geometricmodelingasa CAGD primitive. The skeleton(medial
axis) of a gure boundedby a Dupin cyclide degeneratesnto a
curvedaxis. Thefamily of Dupin cyclidesincludesspheresgylin-
ders,conesandtori.

Onecanshaow thatthe Dupin cyclidesare characterizedby the
condition

jemad® + jeminj® = O: 1)

Noticethattheleft-handsideof (1) is theintegrandof the so-called
MVS functionalintroducedin [Moretonand Sequin1992]for fair
surfacedesignpurposes.

AssumethatS is givenin the parametridormr = r(u;v) and
let n(u; V) bethe unit normalvectorto S . Considera pointrg =
r(up; Vo) andassumethat (ry;ry; n) form anorthonormalbasisat
ro. Further let usassumehatthe basisvectorsr andry coincide
with theprincipaldirectionsmax andtmin, respectiely, atrg. Then,
accordingo the classicaformulaof Rodrigueswe have

Kminf vi

Nu= Kkmaxu and ny=
Thefocal setF is givenby
f=r(uv)+ Ruv)n(u;v) with R= 1=kmax; 1=Kmin:
Thefocal setf(u;Vv) degeneratest (up; Vo) if the orientedareael-
ementof F correspondingdo the orientedareaelementof S van-

ishesatrg. It gives

fu fy=(ru+ Run+Rny) (rv+ Ryn+ Rny) = 0;

wheref, andf, arethe partial derivativesof f(u;Vv). After obvious
simpli cations we arrive at

ruRu(1 Rkyin) + rvRy (1 Rknax) +
+n(1 Rkna) (1 Rkpin) = 0;

whereR = 1=Kmayx; 1=kmin. Thusthe kmax-branchof F degener
atesat f(up; Vo) if emax= 0, the kpin-branchof F degeneratest
f(up; Vo) if emin = 0, andboththe branchesiegenerateat common
point f(up; Vo) if Kmax= Kmin- The focal points correspondingo
surfacepointswhereeitheremax = 0 or emin = 0 (ridges)form the
so-calledcuspidaledgescalledalsofocal ribs [Porteousl 987;Por
teous1994]. For agenericsurface focal ribs alwaysgo throughthe
focal setsingularitiescorrespondingo the umbilics of the surface.
Now we canconcludethata genericsurfaceregion wherethe left
hand-sideof (1) is smallis closeto a partof a Dupin cyclide.
Practicaldetectionsof the ridgesandtheir subsetss extremely
dif cult in thosesurfaceregionswhichareslightly perturbecddupin
cyclide patchesand where, therefore,the left hand-sideof (1) is
closeto zero.Suchregionsmay containmary spuriousidges(and
crestlines). Thusit seemsaturalto usetheleft hand-sideof (1) as
ameasurdor selectinggeometricallyimportantcrestlines.

Estimating Surface Derivatives

GivenameshM approximatinga smoothsurfaceS , in orderto
achieve a fastand accurateestimationof the principal curvatures
andtheir derivativesa bivariatepolynomialis tted locally to each
meshvertex. To date,two polynomial tting stratgies are used
for estimatingsurfacederivatives at a meshvertex. Accordingto
onestratgy, it is assumedhatthe surfacenormalat vertex is pre-
liminary estimated .t leadsto the so-calledadjacent-normatubic
approximatiormethod/Goldfeatherandinterrante2004]. The sec-
ond stratgly [Cazalsand Pouget2003] doesnot assumethat the
meshnormalis alreadygiven. Accordingto our numericalexpe-
rience,if the vertex normalis approximatedppropriatelythe rst
stratgy leadsto a betterestimationof the surfacecurvaturesand
their derivativesat the vertex.

In our numericalexperimentsve usethefollowing enhancement
of adjacent-normatubic approximationmethod. For eachmesh
vertex p 2 M its one-link neighborhoods considerecanda new
vertex plis obtainedasthe arithmeticmeanof the centroidsof the
meshtrianglesadjacento p. Thesenew verticesf p% form a new
meshM Owhichis smoothethanM . Now for eachvertex p®2 M ©
its unit normalis estimatedszia NelsonMax's method[Max 1999].

Thena cubicpolynomial
)= 5 bo+ 20nxy+ by + @
+

coxC+ X2y + 3exy2+ Cay®
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is tted in theleast-squarsensdGoldfeatherandInterrante2004]
to p? anda setof its neighboringvertices. That setof neighbors
of p@is obtainedfrom the k-link neighborhoodf p®by remoring
thoseverticeswhosenormalsmalke obtuseangleswith the normal
atpo. In practicewe usek = 1;2; 3; 4. Next thecurvaturetensorand
extremality coefcients areexpressediia derivativesof local cubic
polynomialh(x;y). Finally thesecurvatureattributesareassigned
to the original verticesf pg of meshM .

We have alsoderived an elegant formulafor an extremality co-
efcient atasurfacepointwhereS is locally approximatedy (2)

esfep= § 0 @9 b g
I C2 C3 -

Heret = (tl;tz)T is theprincipaldirectioncorrespondingo a prin-

cipalcurvaturek. Becausef its simplicity, (3) leadsto asigni cant

reductionof computationatime.

To prove (3) let us considerthe well-known formulafor an ex-
tremalitycoefcient e= k=1t for asurfacegivenin implicit form
F(x) = 0, x = (X1;%2;X3), (see,for example,[Porteousl994, Ex-
ercisell.8]andalso[Monga et al. 1992]wherea smallmistake in
the nal formulasfor the curvaturederivativesis made)

- Fjititjt) + 3kFjtin;

e= Nk t= NF] 4)

whereFj andF;; denotethe secondandthird partial derivatives
of F(x), respectrely, t = (tq;t;t3) is the principaldirectioncorre-
spondingto a principal curvaturek, n = (nz; n2; ng) is the unit sur
facenormal,andthesummatiorover repeatedndicesis implied. In
ourcaseF = z h(x;y) andattheorigin of coordinates = (0;0; 1)
andt = (ty;t2;0). Thus,sincethe polynomialh(x;y) doesnotcon-
tain linearterms,attheorigin of coordinateg4) simpli es into

e= Fjtitjt

and(3) immediatelyfollows.

Fig.2 comparesthe setsof crestlines detectedon a 3D text
meshvia thestraightforvardpolynomial tting (thetopimage)and
theenhanced@djacent-normatubicapproximatiormethod(we use
k= 1in thisexample).

Although our schemefor estimatingsurface derivatives seems
complicated,it leadsto highly effective crestline detectionpro-
cedurewhich only slightly dependson the meshconnecwity and
triangleaspectatios.In Fig.3 we comparethe patternsof thecrest
linesdetectedn theoriginal Stanfordounry meshandonthemesh
obtainedvia animplicitization of the bunny modelandthenpoly-
gonizingusingBloomentals method[Bloomenthall994]. Despite
thefactthatthenew bunry meshcontainamary slivertrianglesand
hasirregular connectiity, the patternsof the crestlines found on
themeshesreremarkablysimilar.

Tracing and Thresholding Crest Lines

Once the curnvature tensorand extremality coefcients are esti-
matedat eachvertex of M , we inspectthe edgesM and check
whetherthey containcurvaturemaximaandminima. We detectthe
crestline verticesand connectthemtogetherfollowing the proce-
dure proposedn [Ohtake et al. 2004] with one small, but impor-
tant, addition. It turnsout thatthe proceduramay generateseveral
closedisconnectedrestlinesin situationssimilar to thoseshovn
in the left imageof Fig.4. In orderto reducethe fragmentation
of the crestlines we inspectthe meshverticesandtheir one-ring
neighborhoods.For eachone-ringvertex neighborhooccontain-
ing crestline end-pointswe connecttwo end-pointsif a  p=3,
b p=3,g p=2,wherea, b, andg arethe anglesbetweerthe

end-sgmentsandthe segmentconnectingthe end-points,asseen
therightimageof Fig.4.

Figure 2: Crestlines detectedon 3D text. Top: polynomial t

without preliminary estimationof meshnormalsis used. Bottom:
the enhancedhdjacent-normatubic approximatiormethodis em-
ployed for estimatingsurface cunaturesandtheir derivatives. In
boththecasegpreliminarysmoothingp ! p°wasapplied.

Figure3: Patternsof crestlines andmeshtrianglesfor two bunry
models.Left: original Stanfordbunny meshwith 69,451triangles
is used.Right: anothebunry meshwith 279,984trianglesis used.
The necessangurfacederivatives are estimatedvia the enhanced
cubicpolynomial tting with k= 1 for theoriginal Stanfordbunry
meshandk = 3 for theremeshedbunry sincethelatteris morethan
threetimesbiggerthanthe original one.

As we mentionedbefore,the sumof squaredxtremality coef-
cientsis very appropriatdor measuringsalieny of the crestlines.



Figure4: Left: asituationwhenwe maywantto connecthe crest
lines(shawvn in bold) togetherRight: anglesa, b, andg generated
by crestline end-sgmentsand the segmentconnectingcrestline
end-pointsaareusedto measuravhengap-jumpingis necessary

In practicewe usethefollowing scale-independequantityto mea-
surethestrengthof a crestline

z zq___
T= ds  jemad’+ jemini’ds (5)
wherethe integrals are taken over the crestline. This threshold-
ing parameteinvolvesthird-ordersurfacederivativesandis more
comple thanthatusedin [Ohtake et al. 2004] wherethe integral
of aprincipalcunaturealongafeatureline wasused.Onthe other
hand thresholdingwith (5) is simplerthanthethresholdingscheme
proposedn [Cazalsand Pouget2004a]wherea second-ordecur-
vaturederiative is usedfor lItering out spuriousridgesandcrest
lines.

We usea linearinterpolationschemeéor estimatingthe cyclide-
ness
q

C= jemad”+ jemini” )
atcrestline vertex v locatedon meshedge[p; q]:

_ aC(p) + bC(q) .

c(p) e

wherea = jemax(d)j, b= jemax(p)j for the convex crestlinesand
a= jemin(9)j, b= jemin(p)j for theconcare ones.Now theintegrals
in (5) areestimatecy a simpletrapezoidapproximatiorsimilar to
thatusedin [Ohtake etal. 2004].

Roughly speakingcyclidenesq6) measuresiow far a surface
region is from beinga partof a Dupin cyclide. If x lies onacon-
vex (concae) crestline, then emax(x) = 0 and C(x) = jemin(X)]
(emin(X) = 0andC(x) = jemax(X)]).

At the rst glance,it looksthat(5) doesnot affect umbilical re-
gions. In factit does:by continuity cyclidenesg6) vanishesat the
isolatedumbilics. A small perturbationof an umbilic region cre-
atesa non-umbilicalregion containingisolatedumbilics. Further
asit wasshavn in [Belyaer etal. 1997],thecrestlinesdo not pass
throughthe generic(typical) umbilics.

Fig.5 demonstrateBow ourcrestline ltering schemevorksfor
amodelwith sphericabndcylindrical regions.Noticehow well the
crestlines detectedat the meshpartsapproximatedhoseregions
are Itered out.

T=0 T=02 T=67
Figure 5: Detectingcrestlines for a model containingspherical
andcylindrical regionsfor variousvaluesof thresholdT. For each
meshverte, its three-ringneighborhoodk = 3) is usedfor local
polynomial tting.

Fig.6 exposesdetectingcrestlines on a more complex model
containing at, cylindrical, andslightly curved regions and small
features.IncreasingT allows usto remove inessentiakrestlines
while preservingsalientones. The gure alsodemonstratefiov
thesizeof vertex neighborhoodsisedfor polynomial tting affects
the crestline detectionprocedure.A larger neighborhoodeadsto
smootherapproximationof the meshand, therefore,allows us to
disrggardthecrestlineslocatedin slightly convex/concae regions.
SeealsoFig.1 whereone-ringneighborhoodolynomial tting is
usedfor all themodels.

Crest Lines and Mesh Simpli cation

In thissectionwe developaquadric-basetheshsimpli cation pro-
cedurgguidedby thedistanceeld from crestlines. Ouruseof crest
lines for adaptve meshsimpli cation purposess inspiredby re-
centwork [Kho andGarland2003]. Sincecrestlinesonameshare
importantshapefeaturesijt is naturalto simplify the meshaggres-
sively farfrom the mostsalientcrestlinesandpresere themeshin
avicinity of them.

Givenasetof featurdines(crestlines,in ourcasepnsurfacesS ,
following [L évy etal. 2002]for asurfacepointp 2 S we consider
d(p) the geodesidistancebetweenp andthe closestfeatureline
(crestline) point. Let max(d) bethemaximumof the geodesialis-
tancegd(p) overall pointsof S . Weintroduceascale-independent
weighteddistanceunction

d h
maxd) +e (7

wheree s aregularizationparamete(in all ourexperimentsave use
e= 0:1) andh is apositive userspeci ed parametewhich is used
to controladegreeof in uence of the crestlines.

Oncethe crestlinesaredetectedand Itered, we computea dis-
cretefeaturedistanced; for eachtriangleT; 2 M . Letusde ne the
distancebetweentwo trianglesT; of T of M sharinga common
edgeas the sum of distanceshetweenthe triangle centroidsand
the edgemidpoint. To computef d,g we usea variantthe Floyd-
Warshallall-pairsshortespathalgorithm.

Fig. 7 visualizeghedistanceelds computednthe Max-Planck
andStanfordbunry meshes.

Similar to [Kho and Garland2003] a weighted quadric error
metricwjQ(Tj) is assignedo eachtriangleTj of meshM , where
Q(T;) is the standardGarland-Heckber@QEM [GarlandandHeck-
bert1997]. Wesetw; = 1=F(d;) andcontrolthedegreeof in uence
of crestlinesvia parameteh in (7). Fig. 8 presentshe Max-Planck
meshits eye region 90%-decimatedor variousvaluesof h. The
detectectrestline arethoseshavn in theleft imageof Fig.7. The
meshdensityis changingsmoothlyaccordingto geodesidistance
to thecrestlines.

F(d) =

Discussion

We have presentedh fastmethodfor detectingsalientcurvatureex-
tremaon surfacesapproximatedy densetrianglemeshes.t pro-
cesseabout20K =k trianglesperseconnastandard..7GHz Pen-
tium4 PCwith 512MB RAM for k-ring neighborhoogolynomial
tting andestimatinghecunaturetensorandcunaturederivatives.
The crestline tracingstageat the methodis fasterthanthe estima-
tion stagealthoughtheformerdepend®n geometriccomplexity of
models.Thesourcecodeof our methodis availableon the Webfor
evaluation[Yoshizava].

Themethodis robust. Theresultsof our crestline detectionpro-
ceduredepend®only slightly on the quality of themesh,asdemon-
stratedin Fig.3.
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T=0, k=1, T=48, k

T=0, k=4 T=22 k=4

Figure6: Crestlinesdetectedbn a mechanicapartmodelwith differentvaluesof thresholdT andvertex neighborhoodizek usedfor local
polynomial tting.

Figure 7: Distancefrom salientcrestlines is visualizedfor Max-

Planckand Stanfordbunry meshesThe crestlines arefound with h=0

three-ringneighborhoodkting (k= 3)andT = 40for boththemod-

els. Figure8: Max-Planckmeshandits eye part90%-decimatefbr var
ious valuesof h. Theleft image(h = 0) shows the resultof the
standardsarland-Heckberdecimationprocedure.

h=3 h=6

(@) (b) (c) (d)
Figure9: (a) Crestlinesdetectedisingthe methodof this paperone-ringneighborhoodtting is used.(b) Crestlinesdetectedisingaglobal
implicit tting method[28]. In boththe casesno ltering is applied. (c) The exactcrestlines on a simpleanalyticalsurface. (d) The crest

linesdetectedvith our method,one-ringneighborhoodtting is employed.



Our methodis capableof achiezing high quality resultsin de-
tecting salientcunatureextremato comparewith schemesased
on global tting procedures.In Fig.9 we give a visual compatri-
sonof our methodwith thatdevelopedin [Ohtake etal. 2004] (the
two left images)andwith the exact detectionof the crestlineson
analyticalwaving surfacer (u;v) = [ucosv; usiny,cosu] (two right
images):

Our Itering schemdor remaving unessentiatrestiinesis based
oninterestingelationshipdetweerDupincyclides,focal sets,cur
vature extrema, and variational functionals. We use cyclideness
(6) as the main ingredientof our Itering schemeand measure
the strengthof crestlines by scale-independemjuantity (5). Thus
long but weakcrestlines arepreferredto strongbut shortones.Of
coursedifferent ltering proceduresanbealsousednsteadf that
basedon (5). Similar manualthresholdingschemesverealsoused
in [Ohtale et al. 2004;CazalsandPouget2004a].Manual Itering
is hardly avoidablefor complex geometrysurfaces sincethe crest
lines are local surfacefeatureswhile salieng-basedthresholding
shouldtake into accouniglobal surfaceshape.

Finally we have demonstratedhow crestlines can be usedfor
adaptve meshsimpli cation preservingvisually importantshape
features.
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