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Intro

2D Minimal Gravityor Minimal String Theory (MST)| interesting string `laboratory' as a 2D string [Seiberg et.al℄is [ 2D Gravity + (p; q) minimal CFT matter ℄+ +loal ontinuum approah topologial disrete approah�eld rep. of the surfae disretisation of the surfaeLiouville Gravity Matrix Model
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Intro

2D Minimal Gravityor Minimal String Theory (MST)| interesting string `laboratory' as a 2D string [Seiberg et.al℄is [ 2D Gravity + (p; q) minimal CFT matter ℄+ +loal ontinuum approah topologial disrete approah�eld rep. of the surfae disretisation of the surfaeLiouville Gravity Matrix Model* [YI℄underlying theory? Logarithmi CFT?
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IntroWorldsheet Ation= 2d gravity (Liouville FT) + (p; q) minimal CFT[Polyakov '81℄[DDK '88'89℄ [BPZ '84℄tot = L + p;q = 26.Interesting for:| String Theory, LFT itself, CFT on Random Surfaes, Integrability ...

Brief History from Logarithms� 2d gravity { gravitationally dressed CFT as Logarithmi CFT (LCFT)[Bilal, Kogan '94℄� A punture-type operator of LFT appears in LCFT [Kogan '97℄� A logarithmi Liouville 4-pt funtion in (p; q)=(4; 3) MST [Yamaguhi '02℄� Chiral logarithmi 4-pt funtions in the Coulomb gas [Ishimoto '03℄� A op-valued relation of logarithmi degenerate �eld [Zamolodhikov '03℄6



Aim: � 2d gravity (LFT)  !Relation LCFT.� Logarithms in Minimal String Theory.� Its relation to Matrix Models.

To do:4-pt Liouville orrelation funtions of tahyonsin 2d (p; q) minimal gravitya full orrelation funtionin Gravitational Ising Modelto see a relation to LCFT.
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Plan of Talk

1. 4pt Fun of Liouville Setor1.1 Ation, `Tahyon' primary1.2 Condition for integer s1.3 Integral Formulas1.4 Logarithms in 4pt fun. of s = 1based on [hep-th/0406262℄2. 4pt Fun of Full theorybased on [JPS talk, et.℄3. Logarithmi CFT?
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2D minimal gravity: AtionMST (onformal gauge) �! �Æ �LFT + �Æ �Minimal CFTWe First Fous On This "The Ation on S2 [David88, DK89℄:

SL[^g; �℄ = 18� Z d2zp^g �^g���������Q ^R�+ 4� e��� ; (1)

^g��: the referene metri; ^R: 2d salar urvature�: the renormalised osmologial onstantQ = ��� 2� with � = �q2qp =) LFT = CFT with L = 1+3Q2[Curtright, Thorn '82℄.
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2D minimal gravity: Tahyon`Tahyon' � Liouville primary 
 (p; q) primary [DDK℄:Or;t = Z d2zp^g Or;t(z; �z) ;Or;t(z; �z) = e�r;t�(z;�z)�r;t(z; �z) (2)with the on-shell ondition �Or;t = 1Or;t(z; �z): a gravitationally dressed operator.�r;t(z; �z) is a Ka primary �eld of the (p; q) matter.e�r;t�(z;�z) is a gravitationally dressing operator of the Liouville setor.�r;t is �xed by the on-shell ondition [Seiberg '90, Polhinski '91℄2:�r;t = (1� r) 1� + (1 + t)�2 ; (3)These are ommon and basi ingredients...2The onformal dim of e��(z;�z) is h� = �12� (� +Q).10



4-pt Liouville Correlation Funtions of Tahyons[Di Franeso, Kutasov '91℄By integrating out the Liouville zero mode �0 (� = �0 + ~�) :* 4Yi=1 e�i�(zi;�zi)+ = � �2��s �(�s)�� ~G(s)L ;

~G(s)L = * 4Yi=1 e�i ~�(zi;�zi)�Z d2u e�~�(u;�u)�s+ ;with the free �eld ation of ~�. �i = �ri;ti and hi = h�ri;ti for short, ands = �1� Q+ 4Xi=1 �i! : (4)Regularisation for s 2 Z+: � �2��s �(�s)�! � �2��s (�1)s+1�(s+1) ln� .� Then, we just need evaluate ~G(s)L as in [Dotsenko, Fateev '84 '85℄.
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Liouville orrelation funtion for s 2 Z�0

~G(s)L = Y1�i<j�4 jzi � zjj�2(hi+hj)+23h j�j2(h1+h2)�23h�2�1�2

� j1� �j2(h2+h3)�23h�2�2�3 I(s)(���1;���3;���2;�12�2; �; ��) ; (5)where h = 4Xi=1 hi, � = z12z34z13z24 = (z1�z2)(z3�z4)(z1�z3)(z2�z4) and:I(s)(a; b; ; �; �; ��) = Z sYi=1 d2ui sYi=1 hjuij2aj1� uij2bjui � �j2i Y1�i<j�sjui � ujj4�: (6)
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To sort...

| What are possible ombinationsfor a partiular s?(se 1.2)
| How to alulate I(s6=0)(�; ��)(se 1.3).
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1.2 Four �elds for s 2 Z�0� Generally, s 2 Q for oprime p; q.) Analyti ontinuation from s 2 Z�0..f. 3pt fun. in [Dorn, Otto '92℄� Eah �i $ (ri; ti) lives on the onformal grid Gp;q.Gp;q = n(r; t) 2 Z2j0 < r < q; 0 < t < po :For this not to be an empty set, we assume p � 2; q � 2.Finding possible ombinations of four �elds for given s; p; q! a ombinatoris problem on 8-dimensional lattie (Gp;q)4.

2s = pq  Xi ri � 2!� Xi ti + 2! : (7)
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Ka Table, Conformal Grid Gp;q
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Figure 1: The Ka table for the Ising model ( = 1=2).

15



Four �elds for s 2 Z�0 and s = 1� For s 2 Z�0, eq. for ri beome dependent of ti,and presribes a 3-dim surfae in 4-dim lattie.Xi ri = n � q + 2 for n = 1; 2; 3:(for 4pt)Xi ti = n � p� 2(1 + s): (8)e:g: for (p; q) = (4; 3) ase, the following ombinations give s = 0.6 h ���~Ii � h ���i; h ����i:� when p � 4; q � 3; 9�elds s.t. s = 1:
 Or;t Oq�(r�1);p�(t+2)Or;t Oq�(r�1);p�(t+2) �for 2 � r � q � 1; 1 � t � p� 3: (9)� # of ombinations is (p� 3)(q � 2).16



1.3 Integral expressions and expliit alulations for s = 1By Dotsenko's formula [D88℄:I(1)(a; b; ; 0; �; ��) = Z d2u juj2aj1� uj2bju� �j2:= G1 jF1(�)j2 +G2 jF2(�)j2 ;where Gi's are oeÆients and Fi(�)'s are two independent hypergeometrifuntions. In LCFT ases, this form may be inde�nite.

� One way: the di�erentiation method [Ya '02, et. ℄� Another way: perform the same analyti ontinuation as in [D88℄,then express two of them in j� � 1j < 1:I(1)(a; b; ; 0; �; ��) = � sin(�a) I2(�) I3(��)� sin(�b) I4(�) I1(��) ; (10)
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whereI1 � Z 11 duua(u� 1)b(u� �)= �(�1� a� b� ) �(1 + b)�(�a� ) 2F1(�;�1� a� b� ;�a� ; �) ;I2 � Z �0 duua(1� u)b(� � u)= �(1 + a) �(1 + )�(2 + a+ ) �1+a+ 2F1(�b; 1 + a; 2 + a+ ; �) ;I3 � Z 0�1 du (�u)a(1� u)b(� � u) = Z 11 du (u)a(u� 1)b(u� (1� �))= �(�1� a� b� ) �(1 + a)�(�b� ) 2F1(�;�1� a� b� ;�b� ; 1� �) ;I4 � Z 1� du ua(1� u)b(u� �) = Z 1��0 du (u)b(1� u)a(1� � � u)= �(1 + b) �(1 + )�(2 + b + ) (1� �)1+b+ 2F1(�a; 1 + b; 2 + b + ; 1� �) : (11)
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Substituting the above into (10), we obtain:I(1)(a; b; ; 0; �; ��) = ��(�1� a� b� ) �(1 + )� h sin(�a)U23 �1+a+� 2F1(�b; 1 + a; 2 + a+ ; �) 2F1(�;�1� a� b� ;�b� ; 1� ��)+ sin(�b)U41 (1� �)1+b+� 2F1(�a; 1 + b; 2 + b + ; 1� �) 2F1(�;�1� a� b� ;�a� ; ��)i ;(12)with U23 = [�(1+a)℄2�(2+a+) �(�b�) and U41 = [�(1+b)℄2�(2+b+) �(�a�) .Note:|No-pole ondtion: a; b;  62 Z�.| The analyti ontinuation is well-de�ned and exat when (a+ b+ ) < �1and � is real. However, we assume that � an be analytially ontinued to C(or regard as a regularised expression).19



Evaluation of ~G(s)L for s = 1

~G(1)L = jz1 � z3j�4h1jz2 � z4j�4h2j�(1� �)j�2�1�2�I(1)(A;A;�1� A; 0; �; ��) : (13)whereI(1)(A;A;�1�A; 0; �; ��) = (�1)1+r�2sin��(1 + t)qp� ��2F1(�A; 1 +A; 1; �) 2F1(�A; 1 +A; 1; 1� ��) + (: :)	 : (14)and ���1 � A = �1 + r � (1 + t)qp ;���2 = �r + (1 + t)qp = �1� A ; (15)| Crossing symmetri and Monodromy invariant as usual.| Most onditions for this alulation are satis�ed by A 62 Z.
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1.4 Result with LogarithmsThis orrelation funtion is logarithmisine2F1(�A; 1 + A; 1; �)= sin(�A)� 24 ln(1� �) 2F1(�A; 1 + A; 1; 1� �)

� 1Xn=0 (�A)n(1 + A)n(n!)2 (1� �)n f2 (n+ 1)�  (�A + n)�  (1 + A + n)g35;(16)where (a)n is the Pohhammer symbol and  (x) = ��x ln(�(x)).Hene,2D minimal gravityor Minimal string theories are logarithmi.21



Plan of Talk

1. 4pt Fun of Liouville Setor1.1 Ation, `Tahyon' primary1.2 Condition for integer s1.3 Integral Formulas1.4 Logarithms in 4pt fun. of s = 12. 4pt Fun of Full theory3. Logarithmi CFT?
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4-pt funtion of Full Theory[JPS talk, work in progress℄Reall `tahyon' primary �eld (2):Or;t = Z d2zp^g e�r;t�(z;�z)�r;t(z; �z) ; (17)We show the form of 4-pt fun. of the full theory:hO2;1Oq�1;p�3O2;1Oq�1;p�3i= Z 4Yi=1 d2zi h 4Yi=1 Oi(zi; �zi)iL+M+gh

= � �2��s �(�s)j�j Z 4Yi=1 d2zi ~G(s)L �GM �Ggh: (18)and try to ompute in the (p; q) = (4; 3) ase, i:e:,Gravatational Ising model.[ommuniation with Al. Z℄23



Gravity part by Liouville~G(1)L = � �2sin�2�qp � jz13j�4h1jz24j�4h2j�(1� �)j�2�1�2��2F1 (�A; 1 +A; 1; �) 2F1 ��A; 1 +A; 1; 1� ���+ (::)	 ;(19)where A = 1� 2qp ; �1� = 1� p2q; �2� = �1 + pq;h1 = �3(p� 2q)4q ; h2 = 2� 2qp : (20)In the (p; q) = (4; 3) ase, O1 = O2 and �2;1 � �, andh = 12; � = �r32; Q = � 7p6; � = � 1p6; �2 = 16; A = �12: (21)Hene,~G(1)L = �2jz13z24j�2j�(1� �)j�13��2F1 (1=2; 1=2; 1; �) 2F1 �1=2; 1=2; 1; 1� ���+ (::)	 :(22)
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Matter part by Coulomb gas

hO2;1Oq�1;p�3O2;1Oq�1;p�3iM= jz13j�4h2;1jz24j�4hq�1;p�3j�j2�1�2j1� �j�2�1�2+2�2pq�24G1 ����2F1�pq; 1� pq ; 4� pq ; ������2+G2 ���� �1� ������2�3�pq�����2F1�pq; 1� pq ;�2 + pq ; ������2 35whereGi's are some onstants whih satisfy the rossing symmetry and monodoromy invariane,andM = 1� 6(p� q)2pq = 1� 12�20; �0 = p� qp2pq; �+ =s2pq ; �� = �s2qp ;�1 = ��+2 ; �2 = 2� q2 �+ + 4� p2 ��;hM2;1 = 3p� 2q4q ; hMq�1;p�3 = �1 + 2qp ; �1�2 = p� 2� pq (23)In the (p; q) = (4; 3) ase,h ����iM = G2 jz13z24j�2j�(1� �)j�2 ���1� � + �2���2 ; (24)25



A full orrelation funtion of the Grav-Ising modelPlugging all into one, one gets a moduli integral over C:h ����iAll = hO2;1O2;1O2;1O2;1i= Z 4Yi=1 d2zih ����iLh ����iMh ghost fatori= (� ln�)G0 Z d2� j�(1� �)j�7=3 ���1� � + �2���2� �K (�)K �1� ���+K (1� �)K �����= (� ln�)G: (25)Aording to  = 12 matrix model, G = 0 [Crnkovi�, Ginsparg, Moore '89℄.We infer that G is a �nite real onstant. However, a straightforward alulationwith no regularisation shows that this moduli integral is divergent. Beause...1. The integral is of the same order as the integral on the unit disk D.2. The integral on D is apparently divergent, sine RD j�(1� �)j�73 � 1.We would need some regularisation suh as analyti ontinuation.appearing in the alulation for the Virasoro-Shapiro amplitude...26
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Meaning of Logarithms in minimal CFT[Gurarie '93℄At  = �2, h�1;2�1;2�1;2�1;2i� jz13z24j1=4j�(1� �)j1=4� �K(�)K(1� ��) +K(1� �)K(��)� (26)Operator algebra (Fusion rules) for ordinary CFT are:�1(z)�2(0) =Xfh3g z�h1�h2+h3�3(0): (27)But the above implies a fusion rule:�1;2(z)�1;2(0) � z1=4 (C(0) ln z +D(0)) + � � � : (28)Conformal property of C(0) and D(0) shows the Jordan ell under L0:States: L0 jCi = 0; L0 jDi = jCi : (29)
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LCFT

LCFT (Logarithmi Conformal FT)[ Gurarie '93, Knizhnik '87 ℄� Non-unitarity || Unitarity� Logarithmially Degenerate �eldsCorrelation funtions [Caux,Kogan,Tsvelik '96℄hC(z)C(w)i � 0; hC(z)D(w)i � �(z � w)2hC ;hD(z)D(w)i � 1(z � w)2hC ��2� ln(z � w) + �0� : (30)States: L0 jCi = hC jCi ;L0 jDi = hC jDi+ jCi : (31)
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Fusion rules of the Liouville theory

Struture onstant, i:e:, 3pt fun. [Dorn, Otto '92℄[Zamolodhikov2 '95℄C�1;�2;�3 =  �� �  ��2=2� � ��2=2�1��2=2!s

� �(�=p2)�((� +Q)=p2) 3Yi=1 �(p2�i)�((� � 2�i)=p2) (32)where � = P �i, (x) = �(x)=�(1 � x), and �(x) is the Barnes doublegamma fun., whih is an entire fun with zeros in the 1st and 3rd quadrapleon the lattie (m;n) 2 Z2, i:e:, C123 has poles atx = xm;n � �m�+ n � 2�� =p2:Fusion rules [Curtright, Thorn '82℄[...℄e�1�(x)e�2�(0) = Z dP2� C�Q=2+iP�1;�2 xP2+���e 1p2(Q=2�iP )�: (33)30



Fusion rules of the Liouville theory

A pole at P = 0, gives something like1�e�Q=2�;with a small �! 0.Remind you that ... [Kogan, Wheater '00℄[Rasmussen '04℄[...℄O01 = 1�(O1 + (1 + �2)O2); O02 = �O2: (34)form aC-D-like states. Maybe, it may renown the interpretation of the strutureonstant and orresponding boundary states in the ontinuous spetrum...
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Conluding remarks� We have studied (p; q) minimal gravity (or MST).showed the expliit form of the full orrelation funtion with logarithms inthe gravitational Ising model, in partiular.~ No strange onditions for logarithms for generi p; q.~ Convergene of the moduli integration is still under investigation.Minimal String Theory is Logarithmi!Emergene of ln� { inonsistent to Matrix Models?The logarithms in the Liouville setor seem to suggest that the �elds arelogarithmially degenerate in fusion rules of the Liouville setor.Interesting diretions:| Preise struture of loal ontinuum theory (at the zero-volume limit).| The e�ets of boundary| Relation to Branes, Rings, Matrix Models, et.32


