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Generalized uncertainty relation
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Generalized uncertainty relation

∆x∆p ≥ 1

2
(1 + λ̃(∆p)2 + λ̃ < p̂ >2)

High energy string scattering Gross,Mende Phys.Lett.B197(1987)129,

K.Konishi et.al Phys.Lett.B234(1990)276

~

√

λ̃ ∼ String scale
Gedanken exp. of Black hole Maggiore Phys.Lett.B304(1993)65

Snyder’s quantized space-time (de Sitter) Snyder Phys.Rev.71(1947)38

Symmetry of massless particles Filho hep-th/0505183

Deformed canonical commutation relation

[x̂, p̂] = i~(1 + λ̃p̂2)
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One particle state

[

x̂, k̂
]

= i(1 + λk̂2), here, k̂ ≡ p̂

~
, λ ≡ ~

2λ̃,

(

x̂− < x̂ > +
< [x̂, k̂] >

2(∆k)2
(k̂− < k̂ >)

)

|Ψ > = 0

(

i(1 + λk2)
∂

∂k
− < x̂ > +i

1 + λ(∆k)2 + λ < k̂ >2

2(k− < k̂ >)

)

Ψ(k) = 0

‘Maximal localization state’ ∆k = 1√
λ
,∆x =

√
λ,< k̂ >= 0, < x >≡ ξ

(A.Kempf et. al. PRD52(95)1108)

Ψξ(k) = N(1 + λk2)−
1
2 exp(−i

ξ√
λ

tan−1(
√

λk)),

≡ < k|ξ >
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Hilbert space

Completeness of |k〉

�

=

∫

dk

1 + λk2
|k〉〈k|

Orthogonality of |k〉

〈k|k′〉 = (1 + λk2)δ(k − k′).

Completeness of |ξ〉

�

=

∫

dξ

2πN 2
(1 + λk̂2)|ξ〉〈ξ|
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Orthogonality of |ξ〉

〈ξ|ξ′〉 =

∫

dk

1 + λk2
Ψ∗ξ(k)Ψξ′(k) =

N2

2
√
λ

sin(π(ξ′−ξ)

2
√

λ
)

( ξ′−ξ

2
√

λ
) − ( ξ′−ξ

2
√

λ
)3
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ξ k Fourier

φ(ξ) ≡ < ξ|φ >, φ(k) ≡< k|φ >

φ(ξ) =

∫

dk

1 + λk2
Ψ∗ξ(k)φ(k)

< ξ|φ > =

∫

dk

1 + λk2
< ξ|k >< k|φ >,

φ(k) =

∫

dξ

2πN 2
(1 + λk2)Ψξ(k)φ(ξ)

< k|φ > =

∫

dξ

2πN 2
(1 + λk2) < k|ξ >< ξ|φ >

� � Fourier

�
�

�

φ(ξ)

� � � � ��
�

φ(ξ) =
∑

a(k)Ψ∗ξ(k) �

	 � 


Hilbert

� �

	

well-defined
�  	 � 
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1 + 1 dimensional quantum field theory –free scalar

(T.Matsuo and S.Y.Mod. Phys. Lett.21(2006)1285)

Klein-Gordon equation and fields

0 = ((∂t)
2 +

F (k) + m2

~2
)Φ̂(k, t),

Φ̂(k, t) ≡
s

~

2ω(k)
φ̂(k) exp(−iω(k)t) +

s

~

2ω(−k)
φ̂†(−k) exp(iω(k)t),

Φ̂(ξ, t) ≡
Z

dk

1 + λk2

s

~

2ω(k)

n

Ψ∗
ξ(k)φ̂(k)e−iω(k)t + Ψξ(p)φ̂†(k)eiω(k)t

o

.

Π̂(ξ, t) ≡ ∂tΦ̂(ξ, t),

ω(k) ≡
p

F (k) + m2

~
F (k) ≡ k2.

Creation-annihilation operator

h

φ̂(k), φ̂†(k′)
i

= (1 + λk2)δ(k − k′),

← 〈k|k′〉 = (1 + λk2)δ(k − k′).
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1 + 1 dimensional quantum field theory –free scalar

Canonical commutation relation (Non-locality)
[

Φ̂(k, t), Π̂(k′, t)
]

= i~(1 + λk2)δ(k + k′)
[

Φ̂(ξ, t), Π̂(ξ′, t)
]

= i~〈ξ|ξ′〉

Hamiltonian and Heisenberg equation

H ≡
∫

dk

1 + λk2
~ω(k)(φ̂†(k)φ̂(k) + const.),

[

Φ̂(ξ, t), H
]

= i~Π̂(ξ, t) = i~∂tΦ̂(ξ, t)
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1 + 1 dimensional quantum field theory –free scalar

[

x̂i, k̂j

]

= i~(1 + λ̃p̂2)δij ,
[

x̂i, x̂j
]

= −2i~λ̃(1 + λ̃p̂2)L̂ij .

L̂ij ≡ 1

1 + λ̃p̂2
(x̂ip̂j − x̂jp̂i)

(

i~(1 + λ̃p2)
∂

∂pi

− 〈x̂i〉 + i~
1 + λ̃(∆pi)

2 + λ̃〈pi〉2
2∆p

)

ψ(p) = 0.

s � � � ξ
�
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Classical mechanics
(T.Takeuchi et. al PRD65(2002)125028)

Poisson

ẋi = {xi,H} = (1 + λ̃p2)
∂H

∂pi
+ 2λ̃pixj ∂H

∂xj
− 2λ̃pjxi ∂H

∂xj
,

ṗi = {pi,H} = −(1 + λ̃p2)
∂H

∂xi
.

Liouville � � � � � � 


(1 + λ̃p2)−d
∏

i

∆xi∆pi

→
∏

i ∆xi∆pi

(1 + λ̃p2)d
= (2π~)d.
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1 + d-dimensional quantum field theory –free scalar

Completeness of |k〉

�

=

∫

ddk

(1 + λk2)d
|k〉〈k|

Orthogonality of |k〉

〈k|k′〉 = (1 + λk2)dδd(k − k′).

ddk

(1+λk
2
)d

2 �

〈k|ρ〉 =

√

(1+λk
2
)d

(2π)d exp(−ikρ) �
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1 + d-dimensional quantum field theory –free scalar

|ρ〉

� � � �
�

x̂i = (1 + λ̃k2)
1+d
2 ∂ki

(1 + λ̃k2)
1−d
2

� � � � � � � �

( )

ρ̂i = (1 + λ̃k2)
d
2 ∂ki

(1 + λ̃k2)−
d
2 ,

0 =
[

ρ̂i, ρ̂j

]

.

� � � � �  	 � 

�

Completeness and orthogonality of |ρ〉
�

=

∫

ddρ|ρ〉〈ρ|,

〈ρ|ρ′〉 = δd(ρ − ρ′). Dec,23@Riken – p.14/30



1 + d dimensional quantum field theory

Fields (ρ

�� �� � � � � �� 	
 �� )

Φ̂(k, t) ≡
s

~

2ω(k)
φ̂(k) exp(−iω(k)t) +

s

~

2ω(−k)
φ̂†(−k) exp(iω(k)t),

Φ̂(ρ, t) ≡
Z

dk

((2π)(1 + λk
2))

d

2

s

~

2ω(k)

n

e−iωt+ikρφ̂(k) + eiωt−ikρφ̂†(k)
o

.

Π̂(ξ, t) ≡ ∂tΦ̂(ξ, t)

ω(k) ≡
p

F (k) + m2

~
F (k) = k

2

Creation-annihilation operator

h

φ̂(k), φ̂†(k′)
i

= (1 + λk
2)dδd(k − k′),

← 〈k|k′〉 = (1 + λk
2)dδd(k − k′).
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Canonical commutation relations and Hamiltonian

Canonical commutation relation (not non-locality)
[

Φ̂(k, t), Π̂(k′, t)
]

= i~(1 + λk2)dδd(k + k′)
[

Φ̂(ρ, t), Π̂(ρ′, t)
]

= i~δd(ρ − ρ′)

Hamiltonian

H ≡
Z

ddk

(1 + λk
2)d

~ω(k)φ̂†(k)φ̂(k)

=

Z

ddk

(1 + λk
2)d

1

2

n

˙̂
Φ(−k, t)

˙̂
Φ(k, t) + ω2Φ̂(−k, t)Φ̂(k, t)

o

−
X

states

~ω

2
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Path integral formalism in 1 + d-dimensions

Hilbert
�

�

Z =

∫

DΦDΠ exp(
i

~

∫

dt
ddk

(1 + λk
2)d

{

Φ̇(k, t)Π(k, t) − 1

2
(ΠΠ − ω2ΦΦ)

}

)

=

∫

DΦ exp(
i

~

∫

dt
ddk

(1 + λk
2)d

1

2

{

Φ̇(−k, t)Φ̇(k, t) − ω2Φ(−k, t)Φ(k, t)
}

)

Path integral measure is

DΦDΠ ≡
N−1
∏

j=1

∏

k

∆dk

(1 + λk2)d
dΦ(k, tj)dΠ(k, tj).
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Finite temperature field theory

� �

F (β) ≡ − 1

βV
ln Z(β)

=

∫

ddk

(1 + λk2)d

(

~ω

2
+

1

β
ln(1 − e−~ωβ)

)

=
1

β

∫

ddk

(1 + λk2)d
ln(2 sinh(

~βω

2
)).
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high-temperature expansion

massless particle

F = −ζ(1)
dπ

d+1
2 Γ(d

2
)

(4π)d
Γ(

d + 1

2
Γ(

d + 2

2
)λ−

d
2 β−1 + O(β0).

massive particle (m ∼ 1√
λ
)

F = −ζ(1)
dπ

d+1
2 Γ(d

2
)

(4π)d
Γ(

d + 1

2
Γ(

d + 2

2
)λ−

d
2 β−1 + O(β0).

F ∝ T 1

Remark:
in ordinary QFT F ∝ T (d+1)
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� � 
 � � � �

T-duality

1

T
F (T ) =

T

(Td)2
F (

T 2
d

T
), Td ≡ 1

2π
√

α′
,

F (T ) ∼ a(Td)T
2 + b(Td)T + a(Td)T

2
d . T ∼ Td

�

� Hardy-Ramanujan
�

W (E) = exp(aE)Eb,

E =
bT

1 − aT
,

F (T ) = bT − bT log(
bT

1 − aT
) ∼ T log T or T 1.
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Figure 1: massless boson (d=2,3,4,5,6) rescale

� 	 �

�
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� ( )

�

T = 0.8 × 10α ∼ 1.2 × 10α

� 21

�� ��� � �

�

α -2 -1 0 1 2

1 6.22× 10−4 6.23× 10−4 7.68× 10−4 2.38× 10−4 2.49× 10−5

T 8.07× 10−7 −5.02× 10−4 −1.23× 10−3 −1.79× 10−4 −6.55× 10−6

T 2 0.0 1.66× 10−3 5.77× 10−4 1.19× 10−5 1.28× 10−8

T 3 0.0 −4.78× 10−3 −3.08× 10−5 −2.98× 10−7 −3.25× 10−11

T 4 −8.47× 10−3 2.17× 10−3 −8.68× 10−6 7.99× 10−9 8.72× 10−14

T 5 2.40× 10−1 1.32× 10−2 3.55× 10−6 −1.50× 10−10 −1.66× 10−16

T 6 −1.08 −2.24× 10−2 −4.37× 10−7 1.38× 10−12 1.52× 10−19

T ln T 3.52× 10−7 −2.32× 10−4 −9.45× 10−4 −9.47× 10−4 −1.05× 10−3

T (ln T )2 7.67× 10−9 −3.14× 10−5 −4.51× 10−4 −3.56× 10−5 −3.83× 10−7

Table 1: d = 4
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� ( )

α -2 -1 0 1 2

1 4.64× 10−6 4.66× 10−6 6.14× 10−6 1.48× 10−6 1.50× 10−7

T 2.52× 10−9 −8.68× 10−6 −1.27× 10−5 −1.12× 10−6 −3.91× 10−8

T 2 −1.37× 10−7 2.60× 10−5 7.96× 10−6 7.54× 10−8 7.62× 10−11

T 3 3.23× 10−6 −6.27× 10−5 −9.79× 10−7 −1.90× 10−9 −1.94× 10−13

T 4 −1.49× 10−4 8.27× 10−5 9.40× 10−8 5.12× 10−11 5.20× 10−16

T 5 1.88× 10−3 −7.99× 10−5 3.31× 10−9 −9.65× 10−13 −9.93× 10−19

T 6 −2.95× 10−2 8.87× 10−5 −1.66× 10−9 8.86× 10−15 8.97× 10−22

T ln T 4.13× 10−9 −4.14× 10−6 −9.54× 10−6 −7.72× 10−6 −8.38× 10−6

T (ln T )2 2.10× 10−10 −5.88× 10−7 −4.57× 10−6 −2.24× 10−7 −2.28× 10−9

Table 2: d = 6

α = −1 ∼ 0 T n(n > 2) �

T ln T � Dec,23@Riken – p.23/30



Conclusion and discussion

Field theory in GUP
1 + 1-dimensional free scalar
1 + d-dimensional free scalar

High temperature behaviour
Other topics

Fermion (SUSY)
Lorentz invariance
Other canonical commutation relation
κ-deformation
Interaction
Renormalization
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Canonical commutation relation in path integral

T ∗-product is

〈T ∗Φ(k, l)Φ(k′, l′)〉 ≡
∫

dtdt′

2π
eilt+il

′t′〈T ∗Φ(k, l)Φ(k′, l′)〉

=
~

i

δ(l + l′)δd(k + k′)(1 + λk2)d

−l2 + ω2 − iε
.

From BJL prescription, we can obtain
[

Φ̂(k, t),
˙̂
Φ(k′, t)

]

= i~(1 + λk2)dδd(k + k′).

This result is consistent with Hamiltonian formalism.
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Generalized uncertainty relation

L
a

1 2 m

1

2

n

a

c

b

Figure 2: Left:Black Hole Gedanken exp., Right: Migdal-Kadanoff

trans. in String
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Generalized uncertainty relation

Snyder’s quantized space-time (de Sitter)

− η2 = η2
0 − η2

1 − η2
2 − η2

3 − η2
4.

x = ia(η4
∂

∂ηi
− ηi

∂

∂η4
),

pi =
~

a

ηi

η4
,

Then, we obtain deformed canonical commutation
relation

[xi, pj] = i~(1 + (
a

~
)2pipj)
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Lorentz Symmetry

ρ �

S =

∫

dtddρ
1

2

(

Φ(ρ, t)(∂a∂
a − m2)Φ(ρ, t)

)

.

ρ

�

Lorentz �

�

� Fermion �

�

S =

∫

dt
ddk

(1 + λk2)d
− iΨ̄(k, t)(Γ0∂t + iΓaki + m)Ψ(k, t),

DΨ =
∏

α,k,t

(1 + λk2)d

∆dk
dΨα(k, t)d(Ψα(k, t))∗.
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Other canonical commutation rela-
tion

[

x̂i, p̂j
]

= f(p2)δij,
[

x̂i, x̂j
]

= 2f ′(p2)(p̂ix̂j − p̂jx̂i).

� � � �
�

�

∏

i ∆xi∆pi

f(p2)d
.

�  	
�

ρ̂j ≡ i(f(p2))
d
2 ∂kj(f(p2))−

d
2

� � 

�
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Other canonical commutation rela-
tion

� � 
 �

f(p2) = (1 + λk2)α

α ≥ 1
2

� � �� � ��� ��

d

� 	
 �� �� � � � 
 �� � � �� �

T 1+d(1−2α)

� � � � � � � T 1

� �

leading

� � 
 �� � � � � �� ��

α = d−1
2d

� � � � � �� � 	
  !" #

T 2

� � � $ %& ')( * � �� �

ddk

(1 + λ(k2 + m2))d2ω
=

∫

dd+1kθ(k0)(1 + d)

×δ((1 + λ(k0)2)d+1 − (1 + λ(k2 + m2))d+1).

� � �

Lorentz � �
�
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